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Introduction 

A two-dimensional smooth and orientable surface M in three-dimensional Euclidean space possesses a 
normal vector field uniquely determined up to orientation. 

In these lectures we consider surfaces in higher-dimensional Euclidean spaces, and we approach the following 
fundamental problems: 

1. What are the geometric and analytical characteristics of normal frames for surfaces with arbitrary 
codimension immersed in Euclidean spaces K"+^? 

2. Are there special normal frames for surfaces useful for particular analytical and geometric purposes, 
and how can we construct such special systems? 

Our three lectures presented on the following pages are organized as follows: 

• Lecture I 

We give a detailed treatment of the foundations of the theory of surfaces immersed in Euclidean spaces. 
This includes the definition of normal frames as well as orthogonal transitions betweeen such frames, 
furthermore the differential equations of Gaufi and Weingarten as well as corresponding integrability 
conditions along with curvature quantities of the surfaces' tangential and normal bundles. 

• Lecture II 

We consider surfaces immersed in Euclidean space IR^ and construct so-called normal Coulomb frames 
critical for a functional of total torsion. This construction depends on the solvability of a Neumann 
boundary value problem. Using methods from potential theory and complex analysis we establish va- 
rious analytical tools to control the so-called torsion coefficients of Coulomb frames, i.e. the connection 
coefficients of the normal bundle. 

• Lecture III 

We consider surfaces immersed in Euclidean spaces R"+^ of arbitrary dimension. The construction of 
normal Coulomb frames turns out to be more intricate and requires a profound analysis of nonlinear 
elliptic systems in two variables. We benefit from the work of many authors from the theory of harmonic 
analysis: E. Heinz, F. Helein, F. Miiller, T. Riviere, F. Sauvigny, A. Schikorra, E. Stein, F. Tomi, H. 
Wente, and many others. 

Frames parallel in the normal bundle are special Coulomb frames, namely those with vanishing total curva- 
ture. We consider non-parallel normal frames extensively. 

Parallel normal frames for one-dimensional curves in space are already widely used in the research literature, 
see e.g. da Costa [19] for a geometric presentation of physical problems in quantum mechanics, or Burchard 
and Thomas [9] for a sophisticated analytical description of the dynamics of Euler's elastic curves. 

Nevertheless, elementary treatments of higher dimensional and higher codimensional differential geometry 
is underrepresented in ordinary textbooks. An elaboration of problems and methods, considered from the 
perspectives of geometric analysis, is rather scarce. 

That is finally the issue the paper at hand focuses on. It continues the elementary differential geometry from 
Bar [5] , Blaschke and LeichtweiB [S] , Brauner , or Eschenburg and Jost [Mj for surfaces in M*^ and furnishes 
this theory with classical and recent results from the harmonic analysis and the theory of nonlinear elliptic 
systems of partial differential equations. 
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Most of the results presented here are obtained in a fruitful collaboration with Frank Miiller from the 
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Lecture I 

Basics 



1. Regular surfaces 

2. Examples 

3. Fundamental forms 

4. Differential equations 

5. Integrability conditions 

6. The curvature of the normal bundle 

7. Elliptic systems 



1. Regular surfaces 

1.1 First definitions 

Let n > 1 be an integer. The main objects of our considerations are vector-valued mappings 

X = X{u,v) = {x^{u,v),...x"+^{u,v)), {u,v) eB, 
defined on the topological closure _B C K.^ of the open unit disc 

B := {{u,v) e : < l}. 

From the point of view of differential geometry we always want to assume 
— > ia,nkDX{u,v) = 2 for aU e 'B 

for the Jacobian DX e of X, i.e. at each point w £ B there is a non-degenerate, two-dimensional 

tangent plane, see the next paragraph for more details; but also 

— > X £ C'^'"(i3,M"+^) with an integer fc > 3 and a Holder exponent a £ (0,1). This latter regularity 
assumption is particularly needed for our analytical considerations in the third lecture. 

Thus the mapping X represents a regular surface or two-dimensional immersion of disc-type. 

1.2 Tangent space and normal space 

For X represents an immersion, at each point w £ B there exist two linearly independent tangent vectors 

Xu = -K- und Xy = — , 
ou ov 

the derivatives of X0 spanning the two-dimensional tangent space at w £ B : 

Tx{w) ■.= sp&n{Xu{w),X,{w)} 
Its orthogonal complement forms the normal space at w £ B, i.e. 

nx{w) {Z £ R"+2 : X„ • Z = X„ • Z = O} ^ 
where X ■ Y denotes the Euclidean inner product between two vectors X,Y £ K"+^ , that is 

n+2 



1.3 Normal frames 



At each point w £ B we choose n > 1 unit normal vectors — N(^(w), a — l,...,n, satisfying the 
orthonormality relations 

Na ■ Ni} ^ 5ai} ^ 1^ Q for ^ i9 ^'^^ aU cr, i9 = 1, . . . , n 

with Kronecker's symbol 6a^. We also use notations like S^^, S^, or 6°"'^ for the Kronecker symbol. Now 
choose (w) in such a way that 



^Symbols like Xu, Na-,u, gij,u etc. denote partial derivatives w.r.t. u. 
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(i) they span the normal space Nxiw) at w G B, 

(ii) they are oriented in the following sense 

det{Xu,X^,Ni,...,Nn) > 0. 

Thanks to the contractibility of the domain B we may set 
Definition 1. The matrix 

N ={Ni,...,N„) e C'=-^'"(B,R"^("+2)), 

which consists of n > 1 orthonormal unit normal vectors N„ = N„{w), oriented in the above sense and 
spanning the n-dimensional normal space N(w) at each w G B, i.e. moving C''~^'" -smooth along the whole 
surface X, is called a normal frame. 



2. Examples 

We briefly consider some explicit given surfaces which simultaneously represent important examples for our 
following analysis. 

2.1 Surface graphs 

Definition 2. A surface graph is a mapping 

9 {x, y) ^ {x, y, zi{x,y),..., Zn{x, y)) e 
with sufficiently smooth functions Za-, a = 1, . . . , n, generating the graph. 
Graphs are always immersions. We can even specify a possible normal frame in the form 

A^i = — ^^^^^ (zi X, Zi y, 1,0,0, ... ,0), 

^2 = —7=^==={z2,x,Z2,y,0,l,0,...,0) etc. 

^y^ + \VZ2\^ 

with Zo-^x and z^.y denoting the partial derivatives of Za-, and Vzo- = (z^.x, Za-,y) € its Euclidean gradient. 

Definition 3. These special unit normal vectors No- are called the Euler unit normals of the graph X. 

In general, Euler unit normals are not orthogonal, but by means of Gram-Schmidt orthogonalization we can 
always construct an orthonormal basis from the Euler normal frame. 

2.2 Holomorphic surface graphs 

Now let us consider surface graphs of the special form 

9 {x, y) ^ {x, y, ip{x, y), ipix, y)) e 
with and V being real resp. imaginary part of a complex-valued holomorphic function 

^{x, y) = (p{x, y) + itfj{x, y) G C . 
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For example, say + i-i/i = {x + iy)"^ = .x^ — J/^ + 2ja;?/, so that ip and ?/; solve the Cauchy-Riemann equations 
Then the associated Euler unit normals 

form an orthonormal frame (in the normal space) because we immediately verify 

1 , , 

2.3 The Veronese surface 

The following surface 

first described by Giuseppe Veronese (1854-1917), is a special example for our analysis. 
Proposition 1. (Chen and Ludden fT^ . 1972) 

The Veronese surface is the only compact surface (without boundary) in with parallel mean curvature 
vector and constant normal curvature. Furthermore, it has constant Gaufl curvature. 

The contents of this proposition will become clear after the study of this first lecture. 



3. Fundamental forms 

3.1 The first fundamental form 

Let — u and — v. 

Definition 4. The first fundamental form g = {gij)i,j=i.2 G M^^^ of X is given by 

9ij := ■ X„j , i,j ^ 1,2. 
The differential line element of the surface reads as follows 

2 

ds^ = gij du^du^ . 

ij = l 

Remark 1. Formally it results from inserting the representation of X into the Euclidean form 

n+2 

ds^ = ^ 5m dx^dx^ 

k,£=l 

of the embedding space with coordinates x'', k ~ 1, . . . , n + 2, by means of the following calculation 

n n 

ds^ = ^ Skeix"^ du + x'; dv){xi du + x[ dv) = ^ {{x'^f du^ + 2{x'lx'l) dudv + (xj;)^ dw^j . 

k/=l k=l 
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We note that the first fundamental form is invertible on account of the regularity property rank DX = 2 for 
the Jacobian DX of the mapping X. For its inverse we write 

At each point w £ B it holds 

2 

with Kronecker's symbol 5^. 

3.2 The tensor of the second fundamental forms 

Definition 5. To each unit normal vector N„ of a given normal frame N — {Ni, . . . , 7V„) we assign a second 
fundamental form with coefficients 

La,ij X^i^j ■ Ncr, I, j = 1,2, cr = 1, ... ,n. 

Notice that 

which follows directly after differentiation of the orthogonality relations X^i ■ N„ = for all i = 1, 2, and 
(7 = 1, . . . , n. In case n = 1 of one codimension there is only one second fundamental form. 

3.3 Conformal parameters 

Mainly we will work with a conformal parameter system {u, v) (z B on whose account the first fundamental 
form takes the diagonal form 

gii = W ^ 522 , 312 = in B. 

Then the area element 

W := \/5ii522 - 512 

represents the conformal factor w.r.t. this special parametrization. Introducing conformal parameters is 
justified by the following results. 

Proposition 2. (Sauvigny f46\l , 2005) 

Assume that the coefficients a, b and c of the Riemannian metric 

ds^ — a du^ + 2b dudv + c dv^ 
are of class C^+"(_B,R) with a € (0, 1). Then there is a conformal parameter system {u, v) € B. 
Recall that ds^ is called of Riemannian type if ac — 6^ > in B. 

The regularity condition required here is satisfied in our situation because gij € C'^~^{B) with fc > 3. While 
Sauvigny's result holds in the large, i.e. on the whole closed disc B, another optimal resultat in the small is 
the following. 

Proposition 3. (Chern (UJ, 1955) 

Assume that the coefficients of the Riemannian metric 

ds^ = a du^ + 2b dudv + c dv^ 

are Holder continuous in B. Then for every point vj € B there exists an open neighborhood over which the 
surface can be pararmetrized conformally. 
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3.4 Application to holomorphic surfaces 

Let w ^ u + iv Cz B. As in paragraph 12.21 we consider mappings 

X{w) = ($H, *(«;)) -.B — > C X C 

with complex-valued holomorphic functions $ = ((^1,(^2) a-nd 'J = {'4'i,tp2)- Real- and imaginary part are 
solutions of the Cauchy-Riemann equations 

Now we calculate the coefficients of the first fundamental form 

/ \ 2 2 2 2 2 

511 ^ Xu-Xu = ((pi,„,<rf32,«,V'l,«, V'2,«) = y'l.M + ¥'2.M + + V'2,« > 

522 = XyXy ^ Lpl^^ + lpI^^ + v?,^ + V'L = v'L + v'tw + i^2,u + V'L = 511 

as well as 

ffl2 ^ Xu- = ipi^uVl,v + V2,uV2,v + V'1,«V'1,« + 4'2,ui^2,v = 0. 

Thus we have proved the 

Proposition 4. T/ie map (^(w), ^'(u') with holomorphic functions $ and 4' is conformally parametrized. 



3.5 Outlook. Open problems 

We want to itemize some important problems we do not address here but for which at least partial approaches 
or even solutions exist in the literature. 



3.5.1 Riemannian embedding space 

From the analytical and from the geometric point of view it is of interest to consider immersions in general 
Riemannian spaces. For example, let X : B JV"^"^ with a (n -|- 2)-dimensional manifold Af equipped with 
a Riemannian metric rjke for fc,^=l,...,n-|-2 satisfying 

n+2 

J2 V^iCi' > for alU = . . . , f ^+2) e M"+2 . 

ij = l 

The corresponding line element is given by 

n+2 

ds^ — rjij dx^dx-' 
from where we infer the induced line element of the surface 

2 n+2 2 n+2 

ds^ = ^ ^ riMX^ixli du^'du^ = ^ ^ijdu'-du^ with 7^ = ^ VMx'^ixl^j ■ 

i,j=l kj=l = l k,t=l 

This form is of Riemannian type and admits again a conformal reparametrization. 



3.5.2 Lorentz spaces and spaceforms 



Beside the Riemanniann spherical spaceform of constant curvature -1-1 we would also like to work with 
immersions living in pseudo-Euclidean spaces with non-positive signature, in a hyperbolic spaceform of 
curvature —1, or even curved hyperbolic spaces, for all of them are particularly relevant for many applications 
in applications. The simplest example of such an embedding manifold is the fourdimensional Minkowski space 
~^ with metric 

/ -1 \ 
10 
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\ 1 / 

While most of our calculations from Lecture II can also be carried out for surfaces X : B ^ R^+^, it seems 
already difficult to us to succeed if our immersions live in higher dimensional Minkowski- or Lorentz spaces. 
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3.5.3 Higher dimensional manifolds 

Various problems appear if we wish to consider higlier dimensional manifolds instead of surfaces. This 
concerns particularly the theory of nonlinear elliptic systems we apply in Lecture III. Our theory is adjusted 
to the twodimensional situation. 

3.5.4 General vector bundles 

Orthonormal tangent frames are considered in Helein [38] , and we develop a theory of orthonormal frames in 
the normal bundle of surfaces. Thus the question arises whether it is possible to work with arbitrary vector 
bundles over manifolds. Up to now we can not give a complete answer for several methods adapted to our 
special situation here are applied in Lecture III. 

3.5.5 Mean curvature flow 

Another item are geometric flows for surfaces in higher dimensional spaces, in particular the mean curvature 
flow, see Ecker |24] . The literature covers numerous contributions on this problem, but mainly for surfaces 
with either mean curvature vector parallel in the normal bundle or even with flat normal bundles. Both 
approaches cover immersions close to geometric objects in Euclidean space M^. 



4. Differential equations 

The system {X^, Xy, Ni, . . . ,iV„} forms a moving (n + 2)-frame for the immersion X. In this chapter we 
want to quantify the rate of change of this frame under infinitesimal variations. 

4.1 The Christoffel symbols 

To evaluate the derivatives of X we need 

Definition 6. The connection coefficients of the tangent bundl^ are the Christoffel symbols 

e=i 

Using conformal parameters from paragraph [331 the Christoffel symbols take the following form 

2W ' 2W ' 2W' 

2W ' 2W ' 2W 

with the area element W. The Christoffel symbols encode the way of parallel transport of surface vector 
fields. Our main objects of investigation are the connection coefficients of the normal bundle. 



■^The tangent bundle is the collection [J (to, Tx 



^ 11 — 

-•^ 11 — 
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4.2 The GauB equations 

Now we come to the 

Proposition 5. Let the immersion X together with a normal frame N be given. Then there hold 

2 n 



k=l (T=l 

for ij = 1,2. 

Proof. Wc follow Blaschke and Leichtweifi [5J, §57 and evaluate the following ansatz 

2 n 



k=l i5 = l 

with functions a*^.- and to be determined. A first multiplication by iV;^ gives 



To compute the a^j we multiply our ansatz by X„f and arrive at 

2 

k=l 

Note that auj = Oju- We calculate 

auj — (X^i ■ X^e)y_j — X^i ■ X^e^j — gu^ui — 0,Uj 

which implies gu^ui = '^Uj + We infer 

gji,ui + 9ii,u3 — 9ij,u' — + o^iji + a^ij + o-uj — ttije — Cji^ — 2aii 
and therefore it holds 

fe=i 

Rearranging this identity for the unknown functions shows 



1 ^ 



1=1 



proving the statement. □ 
4.3 The torsion coefficients 

To determine the infinitesimal variation of the unit normal vectors of some fixed chosen normal frame 
N we need the following connection coefhcients of the normal bundle|f| 

Definition 7. The connection coefficients of the normal bundle are the torsion coefficients 

Tl^ 7V,,„. • 

for i — 1,2 and cr, i9 = I, . . . ,n. 



^The normal bundle is the collection [J (w,Nx{w)), see section 7. 

weS 
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Taking N^- ■ = 5^^ into accound wc immediately infer 

Proposition 6. The torsion coefficients are skew- symmetric w.r.t. interchanging tr <-> "i?, i.e. it holds 

rpl^ rp(T 



Remark 2. The torsion coefficients behave hke tensors of rank 1 w.r.t. the i-index, and therefore they 
depend on the parametrization. 

To justify the name "torsion coeffcient" we consider an arc-length parametrized curve c(s) in M.^ together 
with the moving 3-frame {t{s) , n(s) , b(s)) consisting of the unit tangent vector t{s), the unit normal vector 
n(s) and the unit binormal vector b{s). Then its curvature k{s) and torsion r(s) are given by 

K{s)^\t'is)\, ris)^n'{s)-b{s), 

and this already clarifies the analogy to our definition of the torsion coefficients. 

In fact it was Weyl in |59| who first used the terminology "torsion" : Aus einem normalen Vektor n in P 
entsteht ein Vektor n' + dt (to! normal, dt tangential) . Die infinitesimale lineare Abbildung n — > n' von 
auf^P' ist die Torsion. 

4.4 The Weingarten equations 

Now we determine the variation of the unit normal vectors N^- of a given normal frame N. 
Proposition 7. Let the immersion X together with a normal frame N be given. Then there hold 

2 n 
j,k=l i3=l 

for i — 1,2 and a — \, . . . ,n. 

Proof. For the proof we determine the functions ^ and &^ ^ of the ansatz 



fc=i i?=i 

Multiplication by X^t gives 

2 2 2 

-L„^ii = Ncr^u- ■ Xy^e = E jX^fc • X^e = E a^^iOM , therefore a™i = - ^ L^sig^™- . 

k=l k=l 1=1 

A second multiplication by shows 



i9=l •d=l 

proving the statement. □ 
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5. Integrability conditions 

5.1 Problem statement 

In view oi X ^ C'^+"(i?, M"+^) there hold various integrabiUty conditions which we present in this chapter. 
In particular, a further differentiation of the GauB equations gives us necessary conditions for the third 
derivatives of the surface vector X resp. the second derivatives of the tangent vectors X^i : 



( Y Anorm — n 

\^u^ ,uv ^u^,vu) — ^ 



Codazzi-Mainardi equations 



(X i - X . Y'^'^s = 



theorema egregium 



where the upper "norm" and "tang" mean the normal resp. tangent components. Analogously we proceed 
with differentiating the Weingarten equations to get 



(T,uv ^^a.vu) — 



Codazzi-Mainardi equations 



CAT _ /V ^norln — n 



Ricci equations 



To be more precise, let us start with the Gaufi equations from paragraph l4.21 i.e. 

n n 
<j=l a=l 

for i = 1, 2. We differentiate the first equation w.r.t. w, 

f 1 112 1^" ll\ 

{. 1=1 (7 = 1 J 

r 1 2 2 2 ^" 12\ t 

[ 1=1 a=\ ) 

n ( n ^ 

+ I + ^ilLui.l2 + ^ilLui,22 + L(T.ilT^,2 ( , 



cr=l 
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and the second equations w.r.t. u, 



y . 



I ^=1 (7=1 J 

n ( ^ "1 



OJ — 1 L CT=1 J 

Comparing the tangent and normal parts of these two identities gives the first set of integrability conditions. 

5.2 The integrability conditions of Codazzi and Mainardi 

Prom [X^i^y — X^i^uY°™ = we infer (we interchange a and w) 

Proposition 8. Let the immersion X together with a normal frame N he given. Then there hold 

n n 

La,il,v + ^ilLa-,12 + ^iiLa-,22 + -^iJ,il^J,2 — La,i2,u + ^\2^<y,ii + ^i2^cr,12 + -^^^,12?"^ ]^ 

u:=l uj=l 

for i= 1,2 and a = 1,2, ... ,n. 

These equations contain the torsion coefficients from above. These coefficients do not appear in case n= 1. 

5.3 The integrability conditions of Gaufi 

From {X^^uv - = we infer 

Proposition 9. Let the immersion X together with a normal frame N be given. Then there hold 

2 2 2 n 

m=l m=l m=l a—l 

fori,e= 1,2. 

Note that these equations do not contain the torsion coefficients. Rather they belong to the inner geometry 
of the surface as will become more clear in the next paragraph. 

5.4 The curvature tensor of the tangent bundle 

The left hand side of the Gaufi integrability conditions gives reason to our next 

Definition 8. The curvature tensor of the tangent bundle of the immersion X, the so-called Riemannian 
curvature tensor, is given by components 

2 

pt T^i _ p« I \ " fpmp^ _ pm-pe \ 

^ijk • ijjufc ife,uJ "T / ^ \ ij mk ife-*- mj J 

m— 1 

for i,j,k,i= 1, 2. Its covariant components are 

2 

^ijk = Rijk9tn ■ 

i=l 

In our case of two dimensions of X, these Rnijk reduce to one essential component: 

-Rllll — 0, -R2222 = 0, -R1222 = 0, i?2111 = 0, i?2221 = 0, i?1112 — 0, 

-R1122 = 0, -R2211 = 0, -R1121 = 0, i?i2ii = 0, i?22i2 = 0, -R2122 = 0, 
-R2112 = -R1221 = — -R2121 = — -R1212 • 
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5.5 The Gaufi curvature, theorema egregium 

This one essential component i?2ii2 of the Riemannian curvature tensor represents the inner curvature of 
the surface X. This is the contents of the next 

Proposition 10. Let the immersion X together with a normal frame N he given. Then it holds 

ii2112 = KW^ 

with the Gaussian curvature of the immersion defined by 

•,, L„ iig22 — ^L^r 12912 + L„ 22922 

K:=^K„ withK^-^ ^^^2 ■ 

cr=l 

and the area element W. 

Proof. Using the Gaui3 integrability conditions we compute 

2 2 n 

-R21I2 = ^^Rll29i2 = '^^{La,llLa,2m — La,12Lcr,lm)9™'^gt2 

e=l t,m=\<T=\ 
2 n n 

= ^^(i<x,lli<x,22-ia,12ia,12)i?'V2 = ^ i^.W^' = KW\ 

e=i CT=i (7=1 
and the statement follows. □ 

Remark 3. The Gauss curvature K does neither depend on the choice of the parametrization (u, v) £ B 
nor on the choice of the normal frame N (of course, its components K„ are not invariant). We skip a proof 
of these invariance properties but similar calculations follow below. 

5.6 The integrability conditions of Ricci 

Now we want to derive an integrability condition which has no counterpart in case n = 1 of one codimension. 
Let us first compute the second derivatives of the unit normal vectors of some normal frame A'' : 

2 2 2 71 n 

Na,uv = - ^ L^^ij^yg^'^X^k - ^ L^^ijg^'^.^X^k - ^ L^^ijg^'' X^k^ + ^ T^^-^^^N^ + ^ T^^-^N^^^v 

j,k=l jik=l i)fc=l UJ=1 aJ=l 



2 r 2 ri ^ 

^ + L.,ijg^',, + L.,ijg^^r'^2 + E T^,iL^,2j9"' \ X, 

j,k=l I m=l i?=l J 

n ( 2 n ^ 

E { E L„,ij9''K,k2 - T^,i,, -Y.TI1TI2 \ 



k 



as well as 



N.^vu = - E 1 + L,M9'\u + E ^-.2i5^™r^i + Y,Tl2L^,ij9"' \ X^ 

i,fe=l I m=l i?=l J 

n ( 2 n ^ 

- E i E La,2j9^'L^M - T-2,„ - E ^'.2^^".i \ 

using the Gauss and the Weingarten equations. It holds necessarily 

Na,uv - Na,vu = for all (T = 1 , . . . , 71. 
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Remark 4. A comparison between the tangential parts yields again the Codazzi-Mainardi equations. 
The integrability condition {N^^^v — Ncr^vu)"^"™ = is trivially satisfied in case one codimension: 

2 2 

= and Lijg"'Lk2 = ^ L^jQ^'^Lki 

j,k=i ],k=i 

by symmetry of the g^^ and the coefficients Lij of the second fundamental form. But in general case of higher 
codimension these identites are not trivial, rather they yield the so-called Ricci integrability equations. 

Proposition 11. There hold 

n n 2 

i5=l 1?=1 j-k=l 

for a,LU — I, . . . ,n. 

Both sides of these identitites vanish identically if n = 1. 



6. The curvature of the normal bundle 

6.1 Problem statement 

In the same manner as we derived the Riemannian curvature tensor from the GauB integrability conditions 
we proceed to derive the curvature tensor in the normal space from the Ricci integrability conditions. In this 
section we give a detailed description of this curvature quantity. 

Definition 9. The normal bundle of the immersion X is given by 

Af{X) = U {w,Nx{w)). 

Here are some simple examples: 

1. The normal bundle of a surface in R'^ is the collection of all normal lines, thus it resembles the 
Grassmann manifold G^^i. 

2. Tubular neighborhoods of curves or surfaces are resembled by its normal bundle, see also the parallel 
type surfaces in the next chapter. 

In case of higher codimension the normal bundle possesses an own non-trivial geometry. In particular, we 
can assign a curvature to the normal bundle. If this curvature vanishes identically then the normal bundle is 
called fiat. But in general it is curved. For example, X{z) — (z, z^) has non-flat normal bundle. To develop 
a possible analytical method to describe curved normal bundles is our concern. 

6.2 The curvature tensor of the normal bundle 

This is the tensor consisting of the components (compare with the considerations from paragraph 

n 2 

QUJ rpU rpU I \ ^ { 'J^^ T^'^ \ \ ^ ( T T T T 

^a,ij ^a,i,ui ^ ^a,j,u^ ' / , \^a,i^-d,j ~ ^a,j^-0,i) ^ / , \-^^cr,im-l^uj ,jn ~ ^a,jmJ^u,in)g 

't?^! m,n— 1 
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Note that the second identity follows from the integrability conditions of Ricci. The S'^^^ now take the role 
of the Without proof we want to remark that the ^ behave like a tensor of rank 2 under parameter 
transformations, and are neither invariant w.r.t. parameter transformations nor on rotations of the normal 
frame, see our considerations below. Furthermore it is sufficient to focus on the components because 
all other components vanish or are equal to S"^ 12 up to sign. Using conformal parameters we arrive at 

^a,l2 = {La,ll — iff, 22)^^,12 — [Luj,!! — L^^22)L<yA2 ■ 

A general definition of curvatures for connections can be found in Helein ^38 , chapter 2. 

6.3 The case n = 2 

The definition for 12 takes a particular form in the special case n — 2 : 

q2 rp2 rji2 1 rril rT^2 i rj^2 rp2 T^l rp2 rp2 rp2 A^-^t ( T^2 rp2 \ 

'-'1,12 — ^1,1,1) ~ -'1,2,11 + -'1,1-' 1,2 "T -'1,1-' 2,2 ~ 1,2^ 1,1 ~ ^ 1,2-' 2,1 ~ "^^^ l"-* 1,2; -'1,1 J 

where only a = 1 and 'd = 2 are taken into account. Thus we define 

Definition 10. The normal curvature of the two-dimensional surface X : _B — > is given by 

Now this curvature Sn does not depend on the parametrization, and, as we will see later, it does not depend on 
the choice of the normal frame either. It belongs to the inner geometry of the surface. The general situation 
of higher codimension is treated next. 

6.4 The normal sectional curvature 

But if n > 2 then the components S'^ 12 depend on the choice of the normal frame. So let us fix an index pair 
(cr,w) G {!,..., n} X {!,..., n}. 

Proposition 12. The quantity 12 invariant w.r.t. rotations of the normal frame {Na^N^} spanning 
the plane £ = span{A^o., N^^}, i.e. under SO{2)-regulare mappings of the form 

Ncr = cos LpNcr + siu ipN^ , N^^ = — siu ipNu + cos ipN^^ . 

Proof. For the proof we use conformal parameters First, with icr,ij = —Na-^^i ■ X^d we compute 

^^a,12 = (-^cr,llit^,12 ^ L„ 2lLi^Al) + {La,12Li^^22 ^ iCT,22-^w,2l) 

= {cosipLc^ii + simp Li^^ii){- sinipLa,i2 + cosipL^^i2) 

- (cos(y9Lo-.2i + sini^Li^^2i)(- sini^Lcr,ii + cosi^L^^^n) 
+ (cos(y9Lo-,i2 + sini^L^^^i2)(- sini^Lcr,22 + cosi^L^^^22) 

- (cos (y5 Lo-,22 + sinip L^^22){- sini^Lcr,2i + cos Li^,2i)- 
Collecting and evaluating all the trigonometic squares gives 

^^a,12 = (-^o-,ll — L„^22)Llu,12 — {Llu,11 — -^w,22)icr,12 ~ ~WS'^i2 

proving the statement. □ 
Thus we can make the following 

Definition 11. The quantity W^^S"^ 12 represents a parametrization invariant quantity 

'-'N,a ■— ^a,12 

called the normal sectional curvature w.r.t. the plane £ — span {A'^cr, -^w}. 

If n = 2 then there is only one normal sectional curvature Sn which is even independent of the choice of the 
normal frame. 



*Note that in worst case the differ by a Jacobian after parameter transformations. 
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6.5 Prepeirations for the normal curvature vector I: Curvature matrices 

For the foUowing we let 

We consider general rotations 

as special orthogonal mappings in the normal space which transform a given normal frame A'' into a new one 
N by means of the transformation 

n 

i?=i 

for cr = 1, ... ,n. 

Lemma 1. There hold the transformation rule 

Si2 = Ro Si2 o i?* 

with -R* being the transposition of R. 
Proof. For the proof we consider 

n n 
a=l 13=1 

a, 0=1 a=l a,0=l 

taking account of {R2)^,a=i,...,n = (-^a)L,!?=i,...,n- Thus we arrive at the rule 

fi = R^i o R* + RoTi o R* . 

Using this formula we evaluate 

'S'i2 = Ti^y - T2,u -T10T2+T20 tI . 

First 

Ti,v - T2,u = {RuoR* + R0T10 R"),, -{R„oR* + RoT20 R% 
= RuoRl-R,oRl + Ro (ri.„ - T2.u) o i?* 

+ Ry oTi o R^ + RoTi o Rl - R^ 0T2 o R* - R0T2 o Rl , 

and furthermore 

fi o - o f * = {R^o R* + RoTio R*)o {Ro Rl + Ro o i?/) 

- o i?* + R0T2 o R^) o {Ro Rl + Ro Tl o i?*) 

= Ruo R^^ + RuoT^o R^ + RoTio Rl + RoTioT^o i?* 

- Ryo Rl- R^oT^o R* - R0T20RI- R0T20TI0R* 
because Ro R* = R* o R = id. Taking both identities together gives 

Ti,v - f2,u -Tio f| + o fl 

= R o (Ti,„ - T2,u - Tl o T* + T2 o Tl) o i?* 

+ ii^ O Tl o ii* + O Tl o i?* - i?„ o T2 o iJ* - ii o T2 o i?^ 

- Ru oTi o R* - RoTi o Rl + Ry oTl o R* + R0T2 o Rl 
= Ro (Ti,^ - T2,„ - Tl o T2* + T2 o T*) o i?* 
using Ti = — T/. This proves the statement. □ 
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6.6 Preparations for the normal curvature vector II: The exterior product 

For the following algebraic concepts of the Grassmann geometry we refer to Cartan [TU] or Heil [M] . 
Definition 12. The exterior product 



N : 



n\ n{n + 1) 



2/ 2 



is defined by means of the following rules: 

(El ) The mapping R" x R" 9 (X, F) X A F G is bilinear, 

{aiXi + aaXa) A (/3iYi + I32Y2) = ai/32 Xi A Yi + ai/Jz A Fa + a2/3i^2 A Yi + a2/32^2 A Fa 
for all on,[3i G M and Xi,Yi G R"; anc? A is skew- symmetric, 

X AY = -Y AX 
for all X,Y E R"; in particular, it holds X A X = 0. 

(E2) Let ei = (1, 0, 0, . . . , 0) G R", 62 = (0, 1, 0, . . . , 0) G R" etc. represent the standard orthonormal basis 
in R". Then we set 

eiAez := (1, 0, 0, . . . , 0, 0) G R^ , 



eiAea := (0, 1, 0, . . . , 0, 0) G 



e„_iAe„ := (0, 0, 0, . . . , 0, 1) G R^ . 
From this settings we immediately obtain the 

Lemma 2. The vectors Cfc A form a basis o/R^ which is orthonormal w.r.t. the Euldidean metric 

{1 if i = k and j ~ £ 
if I k or J ^ I 

Lemma 3. For two vectors X = (x^, . . . , x") and Y = (y^, . . . , y") it holds 

X AY= J2 ~ x^f)e; A ej . 

l<i<j<n 

Proof. We compute 

^^Y^ ( E ^'e, J A I J2 y'^J = E A e, = J] {x'y^ - x^y')e, A e, , 

\i=l / = 1 / »J = 1 l<i<j<n 

proving the statement. □ □ 

Note the following 

Remark 5. For n = 3 we have 

ei Ae2 = (1,0,0), ei A 63 = (0, 1, 0), 62 A eg = (0, 0, 1), 
and then some vectors X = {x^,x'^, x^) and Y = {y^, y^, y^) we compute 

X AY = x^y'^ ei A 62 - x^y^ ei A 63 + x'^y^ 62 A ei + x^y^ 62 A 63 - x^y-^ 63 A ei + x^y"^ 63 A 62 
= (x^y^ - x^y^)ei A 62 + [x^y^ - x^y^)ei A 63 + (x^y^ - a;^y2)e2 A 63 
= (x^y2 - x^y\x^y^ - x^y\ x^y^ - x^y^). 
In other words, the usual vector product X x F in docs not coincide with the exterior product X AY, 
XxY = {x^y^ - x^y^, x^y^ - x^y^,x^y^ - x^y^) ^ X AY. 
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Without proof wc want to collect some algebraic and analytical properties of the exterior product. 
Lemma 4. For arbitrary vectors A, _B, C £ M" there hold 

• (XA) A B = X{A A B); 

• {A + B) AC ^ AaC + B AC; 

• {AA ^ A^^ AB + AA . 

Finally, let two vectors X = (a;^, x^, 0, . . . , 0) and Y = (y^, y^, 0, . . . , 0) be given, i.e. assume that X,Y G 
span{ei,e2}. Then it holds 

• X AY ± span {X A 63, . . . , X A e„, F A 63, . . . , F A e„, 63 A e„, . . . , e„_i A e„}. 
6.7 The curvature vector of the normal bundle 

Now let us come back to transformation rule for 5*12 which is the basic for definiting of a new geometric 
curvature quantity. 

Definition 13. The curvature vector of the normal bundle is given by 

1<0-<1?<TI 

Here A denotes the exterior product between two vectors in M"+^ from the previous paragraph. If n — 2 then 
&N is a scalar, and we simply write Sn — &n «s before. 

Proposition 13. The curvature vector of the normal bundle neither depends on the parametrization nor on 
the choice of the normal frame. In particular, its length 

16^,1 = x/eT^ = (^'12)' 

y l<(j<-d<n 

represents a geometric quantity, the so-called curvature of the normal bundle. 

Proof. We check the invariance w.r.t. rotations: Using our transformation rule from paragraph l6.5l we get 

n n n 

SSs2NaAN^ = E E ^^,12^^^^^-AiV^ 

71 n 

= E E (RrJiuR^N^ANp 

n 

= E Si^2No.^Np 

a,l3=l 

which already proves the statement. □ 

We want to point out that in case n — 2 we can distinguish the signs of the normal curvature Sm - positive 
or negative. In contrast to this special situation, the normal curvature is vector-valued if n > 2 so that in 
general we can not speak of "negatively" or "positively" curved normal bundles. 

It seems to us the the normal curvature vector ©at has not been considered in the literature so far, though 
manifolds with normal curvature are already widely studied, see e.g. Asperti [5]. 
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7. Elliptic systems 

7.1 The mean curvature vector 

The construction of suitable moving frames N in the normal bundle of surfaces requires a profound knowledge 
on the analytical behaviour of these geometric objects. For that purpose we already start establishing some 
basic estimates for conformally parametrized immersions of prescribed mean curvature vector. 

Definition 14. The mean curvature Hn of an immersion X w.r.t. any unit normal vector N„ is defined as 

2 

TJ ^ Sr^ li T Ln, , 11922 — ^LN^,12gi2 + LN,,22gil 

'—2 2^9 ^N^,^3 = ■ 

ij = l 

Consider a normal frame N = (A^i, . . . , -/V„), and set He := H^^. 
Definition 15. The mean curvature vector H G M" of the immersion X is 

n 
a=l 

For surfaces in M.^ there is, up to orientation, exactly one mean curvature and, thus, exactly one mean 
curvature vector. We could be misleaded to believe that in the general situation here the mean curvature 
vector H could replace this special unit normal vector N for surfaces in one codimension. This is not the 
case since, for example, for minimal surfaces the vector H vanishes identically. 

Definition 16. The immersion X is called a minimal surface if and only if 

H = in B. 

The property H = does not depend on the choice of the normal frame N. In fact, it holds even more: The 
mean curvature vector H neither depends on the parametrization nor on the choice of the normal frame. 

Minimal surfaces are the topic of a huge literature: Courant ^ITj, Nitsche [43j, Osserman [Hj, Dierkes 
et al. [21], Colding and Minicozzi [16], Eschenburg and Jost [26] to enumerate only some few significant 
distributions and to illustrate the importance of this surface class in the field of geometric analysis. 

7.2 The mean curvature system 

From the Gauss equations together with the conformal representation of the Christoffel symbols from pa- 
ragraph 14.11 we derive an elliptic system for conformally parametrized immersions with prescribed mean 
curvature vector H as follows. 

Proposition 14. Given the conformally parametrized immersion X of prescribed mean curvature vector H. 
Then it holds 

n 

AX = 2 ^ H^WN^ = 2HW in B 

i5 = l 

where N is an arbitrary normal frame. 
Proof. From the Gauss equations we infer 

n 

AX = (r}i + V\2)X^ + (F^, + Vl2)X, + + U,22)N^ . 



i5 = l 



Note that 



as well as 



L-d^ii + iij,22 = ^H^W 

from the definition of H^. The statement follows. □ 
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This system generalizes the classical mean-curvature-system 

AX = 2HWN 

from Hopf [40] for n = 1 where H E M. denotes the scalar mean curvature of X. 
7.3 Quadratic growth in the gradient. A maximum principle 

We want to give a geometric application of the classical maximum principle for subharmonic functions: Given 
an upper bound \H\ < ho in B for the conformally parametrized immersion X, we infer 

\AX\ < 2hoW < ho\VX\^ in B 

on account of 



w = ^iX^-X^)iX,-X,)~{Xu-X,)^ = ^{Xu ■ X„)2 

= \x^\\Xu\ < lixl + x'^) ^'-{xl + x'j = i|vxp. 

Thus X is solution of a nonlinear elliptic system with quadratic growth in the gradient. Systems of this kind 
will play an important role for all of our considerations. 

Proposition 15. Let X G C''+"(-B, M"+2) be an immersion with prescribed mean curvature vector H. Let 
\H\ < ho in B, and suppose that ho < 1. Then it holds 

ma.x_\X{u,v)\'^ — max 
(u,v)eB {u,v)edB 

Proof. We introduce conformal parameters (u, v) £ B which does not affect the maximum norm of X. We 
compute 

A\X\^ = 2(|VXp + X ■ AX) > 2(|VX|2 - ho\VX\^) = 2\\7X\'^{1 - ho) > 0. 
Thus |Xp is subharmonic, and the result follows from the classical maximum principle. □ 

For further considerations we want to refer to Dierkes [20j and the references therein. The method of proof 
presented here goes already back to E. Heinz (see Sauvigny [46], volume II, chapter XII). 

7.4 A curvature estimate 

We want to conclude this first lecture with some applications of the theory of harmonic mappings to cur- 
vature estimates for conformally parametrized minimal surfaces. Our first observations is based upon the 
representation formula 



of the normal curvature tensor from paragraph 16. 21 Applying the Cauchy-Schwarz inequality gives 

I'5'ct,i2I ^ 1^ + 2^^,12 + ^^,22) + + 2^5,12 + ^^,22)- 

On the other hand we verify 

21^2 ^2 - 2W^ 

so that we arrive at the 
Proposition 16. It holds 

\S:^„\ < ml - K,)W + {2Hl - K^)W. 
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In particular, we conclude that spherical surfaces characterized by the property 2H^^K„ = w.r.t. arbitrary 
N„ have flat normal bundle: 12 = 0- Furthermore, we infer that bounds for |>5'^i2l achieved by 
establishing bound for the surface curvatures and its area element W. 

We want to demonstrate how the right hand side of this inequality can be controlled by means of minimal 
graphs on closed discs Br of radius r > 0. Let X: ^ M"+^ be conformal representation of such a minimal 
gra phU Suppose furthermore the growth condition 

\X{u,v)\ < Q.r^ 

with a universal constants f7 > 0, and later we will chose the parameter e > small enough. First of all, 
there hold He = for all ct = 1, . . . , n. Thus the mean curvature systems reduces to 

AX = in Br. 

Applying potential theoretic estimates, see e.g. Gilbarg and Trudinger [32], Theorem 4.6, we find 
Lemma 5. There is a real constant Ci G (0, +00) so that 

|X„.„,(0,0)| <Ci||X|bo(B,), z,j-l,2. 
Here ||X||(70(3^) denotes the Schauder maximum norm of the mapping X, i.e. 

ll^llco(i3,) = sup \X{u,v)\ 

which does not depend on the parametrization. 

This lemma is the first step for us to establish an upper bound for the Gaussian curvature K^. Namely, we 
estimate as follows 

I ^ ^ |L^.ii(0,0)||£a,22(0,0)| + 2|L^,i2(0,0)P ^ |X„J0, 0)||X..(0, 0)| + 2|X„,(0, 0)| 

- — mow 

which leads us to 

Thus it remains to find a lower bound for the area element at the origin (0, 0) G -Br : To this end we consider 
the plane mapping 

F{u,v) = {x\u,v),x'^{u,v)) : Br — > 

of the graph's conformal representation X. Following Sauvigny [46], volume II, chapter XII, Satz 1 there is 
a universal constant C2 G (0, 00) so that it holds 

|VF(0,0)| >C2r. 

The proof of this lower estimate is very intricate. Originally it goes back to E. Heinz in 1952, and it makes 
essential use of ingredients characterizing our regular parameter transformation: 

(i) F(0,0)- (0,0); 

(ii) F\qq '■ dBr dBr is a positively oriented and toplogical mapping; 

(iii) Jf{u, v) > for the Jacobian of F. 

Especially the third property is fulfilled for conformal reparametrizations of surface graphs. Proving (iii) for 
general self-intersecting immersions in higher dimensional spaces turns out to be difficult. 

Now we obtain 

2W{Q, 0) = |Vxi(0, 0)p + |Va;2(0, 0)^ + . . . + {Wx^+^iO, 0)\^ > |VF(0, 0)p > Cfr^ . 
Collecting all the obtained estimates proves the following Bernstein-Liouville type result. 



^We can make use of Riemann's mapping theorem to introduce conformal parameters («, f) G Br- 
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Theorem 1. (Frohlich ^1) 

For the conformally parametrized minimal graph X : Br —>■ R it holds 

1^.(0,0)1 < —i^ for alia ^l,...,n. 

O2 r 

In particular, if e € [0, 2), and if X is defined on the whole plane so that we can go to the limit r — > cx) 
due to a theorem of Hadamard (see e.g. Klingenberg [41], Theorem 6.4.4), and we infer 

\Kcr{u, v)\ — > for 7' — > 00 

which holds for all cr = 1, . . . ,n and all {u,v) G M^. Thus the complete and entire minimal graph X with 
growth exponent e G [0, 2) represents a plane. 

Note that his result is sharp in the sense that X{z) — (z, z^), defined on the whole plane M^, has quadratic 
growth with e = 2 and is not a plane! 

A curvature estimate for surface graphs of prescribed mean curvature and theorems of Bernstein type for 
minimal graphs can be found for example in Bergner and Frohlich 4 . Curvature estimates resting upon 
methods of Schoen, Simon, Yau [17] and Ecker, Huisken [24j, ^25j can be found in Wang ^SS], [SS], Frohlich 
and Winklmann [31^, or Xin [50] , 
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8. Problem statement. Curves in 



As in paragraph 14.31 we consider an arc-length parametrized curve c(s) in R'^ with unit tangent vector 
t{s) — c'{s) and unit normal vector n{s) = jp|fyj-- The associated torsion r is given hy t = n' ■ b = —n ■ b' , n 
being the unit normal and b the binormal vector. We introduce a new normal frame (t,ri) by means of 

n = cos ipn + sin ipb, b — — sin ipn + cos if b. 
The new torsion t associated to this frame then satisfies 

T — n' ■ b — {^ip' sin ipn + cos ip n' + ip' cos ipb + sin ipb') ■ (— sin ipn + cos ip b) 
= Lp' sin^ Lp — sin^ ip (b' ■ n) + cos^ (p (n' ■ b) + ip' cos^ ip = ip' + t, 

so in particular constructing a normal frame (n, b) which is free of torsion, i.e. fulfilling r = 0, starting with 
a given frame (n, b) reduces to solving the ordinary initial value problem 

(p'{s) = -t(s), ip{so) = To 

with some initial value tq. 

Proposition 17. Rotating the standard frame (t, n) by an angle 

s 

tp{s) = - y r(cr) da + tpo 

So 

with arbitrary ipo (zM. generates a normal frame {t, n) which is free of torsion. 

Such a torsion-free normal frame is called parallel because all derivatives of normal vectors are tangential 
to the curve, i.e. parallel to the tangent vector t{s). This would easily follow from the Frenet equations for 
curves, but let us refer to our next considerations. Parallel normal frames are special Coulomb frames as will 
become clear in the following. 



9. Torsion free normal frames 

The question arises whether there is a similar construction of torsion-free normal frames if the underlying 
manifold has two dimensions. In this chapter we focus on the case of two codimensions, i.e. we consider 
regular surfaces X : B — s- M*. So let a normal frame TV = (iVi, iV2) be given. Then by means of the following 
S'0(2)-valued transformation 

A^i = cos ip Ni + sin ip N2 , N2 — — sin ipNi + cos ip N2 
with a rotation angle ip we arrive at a new normal frame N . 
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Lemma 6. There hold 

We omit the proof of this lemma which foUows the same Unes as our calulation at the beginning of this 
chapter. However, that special angle (p which carries (iVi, into a normal frame which is free of torsion, 
i.e. which satisfies 

= and = everywhere in B, 

can now be computed as solution of the linear system of partial differential equations 

<Pu = -T'f 1 and Lp^ = -T^ 2 • 
Recall that such a linear system is solvable if and only if the integrability condition 

= ~(puv + ^vu T'fa,^ - rf_2^„ = div (-Ti,2i ^1,1) ^ •S'tyM^ in B 

is satisfied with the curvature Sm of the normal bundle from paragraph 16.31 and the area element W of the 
immersion. Thus we have proved 

Theorem 2. The immersion X: i? — > R'* admits a torsion-free normal frame N — {Ni, N2) if and only if 
the curvature of its normal bundle vanishes identically in B. 

This torsion-free frame is parallel in the sense that its derivatives have no normal parts, i.e. the Weingarten 
equations from paragraph 14.41 take the form 

iy<T,u- ^ w ' w w 

for a — 1,2 and using conformal parameters. This frame is not uniquely determined, rather we can rotate the 
whole frame by a constant angle ipo without effecting the torsion coefficients because the above differential 
equations contain only derivatives of p. 

We want to remark that existence of such parallel frames in case of vanishing curvature is well settled. With 
the considerations here we give a new proof of this fact. But rather we intend to establish existence of regular 
normal frames if the normal bundle is curved, and these frames should replace parallel frames in this more 
general situation. 



10. Examples 

10.1 Spherical surfaces 

Suppose u)| = 1 for all {u,v) £ B. We immediately compute 

X^ • ^ = 0, Xy • ^ — 0, 

i.e. X itself is our first unit normal vector, say X — Ni. A second one follows after completion of {Xu, Xy, Ni} 
to a basis of the whole embedding space R"'. Then the normal frame (A^i, A'2) is free of torsion because 

Tl^ = iVi,„ . ^2 = ^« • ^2 = 0, TI2 = Ni^y ■N2=XyN2. 
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10.2 The flat Cliff"ord torus 

This surface is build up from the product (see e.g. do Carmo [55], chapter 6) 

X(u, v) — — = (cosw, sinw, cosw, sinu) ^ x . 

We assign the moving 4-frame consisting of 

Xu — —j= (— sinw, cosM, 0, 0), Xy — —= (0, 0, — sinw, cosw) 
V 2 V 2 

as well as _^ ^ 

A^i — —= (cos u, sinu, cos v, sin w), N2 = (— cos u, — sinu, cos w, sin w). 
V 2 v 2 

This special normal frame N — {Ni, N2) is free of torsion. 

10.3 ParaUel type surfaces 

Consider the normal transport 

i?(u, v) — X{u, v) + f{u, v)Ni{u, v) + g{u, v)N2{u, v). 

If the functions / and g are constant then we say R is the parallel surface of X and vice versa, at least if 
the surfaces are immersed in M^. Parallelity in higher codimensional space depends on the curvature Sn of 
the normal bundle. 

Proposition 18. The normal transport R of an immersion X : B ^ B."^ is parallel, i.e. Rui ■ Na — 0, if and 

only if Sn = 0. 

Proof. For the proof we use the Weingarten equations and compute the normal parts i?^ and i?^ of the 
tangential vectors i?„ resp. Ry, 

Ri = .fuNi + guN2 + fNt,^ + gNt,^ = (/„ ~ 5?^m)^i + (.9« + /Tf i) AT^ , 

Ri; = fvNi + gyN2 + fN^ + gNl^ = (/„ - gTl^)^ + (5. + /I^'2)^2 - 

The condition of parallelity leads us to the first order system 

fu-gTl,=0, fy-gTl^ = 0, g^ + fTl, = 0, g., + fTl^ = 0. 

We differentiate the first two equations and make use of the other two conditions to get 

= fuv ~ 9vTf i — gTi i y — fuv + fTi iTi 2 ~ 5^1^,1, -u : 

— fvu — 9uTi 2 — 9T^i,2,u = fvu + fTi 1T12 ~ 5^1^,2, M J 
and a comparison of the right hand sides shows 

= -.9^2 1.. + 9Tl2,u = -9 ■ SnW. 

Similarly we find — f ■ SnW, which proves the statement of the proposition. □ 

Parallel type surface are widely used in geometry and mathematical physics. We would like to refer the 
reader to da Costa [Hj for an application in quantum mechanics in curved spaces. 
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11. Normal Coulomb frames 



11.1 The total torsion 

But what happens if ^jv ^ 0? The first fact we can immediately state is that there is no parallel frame. Thus 
it is desirable to construct frames possessing similiar features. For this purpose we make the following 

Definition 17. The total torsion of the normal frame N = {Ni,N2) is given by 

2 2 

o-,i?=l g 

Using conformal parameters and taking the skew-symmetry of the torsion coefficients into account shows 
the convex character of the total torsion functional for a fixed surface 

T{N) = 2 11 {{Tl.f + {Tl^r} dudv. 

B 

We mention that the functional T{N) does not depend on the choice of the parametrization by its definition. 



11.2 Definition of normal Coulomb frames 

Rather it depends on the choice of the normal frame. In particular, if the immersion admits a frame parallel 
in the normal bundle, then T(N) = for this special frame. But on the other hand the total torsion can 
be made arbitrarily large! So our goal is to construct normal frames which give T{N) the smallest possible 
value. Thus our next 

Definition 18. The frame N = {Ni , N2) is called a normMl Coulomb frame if it is critical for the functional 
T{N) of total torsion w.r.t. to SO{2)-valued variations of the form 

Ni = cos Ni + sirKfi N2 , N2 = — sin ipNi+ cos N2 ■ 



11.3 The Euler-Lagrange equation 

Because the new and the old torsion coefficients are related by 

^1,1 = Ti l + 5 T12 = T12 + ) 

we can immediately calculate the difference between the new and the old total torsion by partial integration 
T{N) - T{N) = 2 jj |V(/J|2 dudv + 4.jj {Tl^^u + Tl2^^) dudv 

B B 

= jj \"^V?dudv + A j {Tli,Tl2)-v* ^pds- A jj div {Tli,Tl2)ip dudv 

B dB B 

where ly denotes the outer unit normal vector at the boundary dB, and f is an arbitrary rotation angle. 
This already gives us a criterion for N = {Ni,N2) being a critical point: 

Proposition 19. Let {Ni,N2} be critical for T{N). Then using conformal parameters {u,v) G B, the 
torsion coefficients satisfy the first order Neumann boundary value problem 

div {Til, TI2) =0 inB, {tI^, TI2) • i^* = on dB. 

The conservation law structure of this Euler-Lagrange equation explains the terminology normal Coulomb 
frame in analogy to Coulomb gauges from physics. 
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11.4 Constuction of normal Coulomb frames via a Neumann problem 

How can we construct a normal Coulomb frame N from a given frame iV? For a critical normal frame N we 
have to solve the boundary value problem 

= div 1 , Tl^) = div [fl, - ^u, -Vv) in B, 

= m^i, T^s) . = {fl, - f ^2 - ip,) ■ ly* on dB 

by virtue of the Euler-Lagrange equation from the preceding paragraph. This implies our next result. 

Proposition 20. The given normal frame N transforms into a normal Coulomb frame N by means of our 
SO(2)-action if and only if 

Aip = divifl,,fl^) inB, 

?f-(^l„fl,)-.' ondB 
holds true for the rotation angle ip — ip{u,v). 

What can be said about the solvability of this Neumann boundary value problem? It is well known that the 
solvability of the Neumann problem 

Aip = f in B. ^ = .g on dB 
ov 

depends necessarily and sufficiently on the integrability condition 

/ dudv ~ g ds, 



which is fulfilled in our proposition! Thus starting from any given normal frame N it is always possible 
to construct a normal Coulomb frame which is critical for the functional of total torsion. For a general 
orientation on Neumann boundary value problems we want to refer to Courant and Hilbert [l8j . 

11.5 Minimality property of normal Coulomb frames 

Let A'^ be a normal Coulomb frame. From our little calculation from paragraph 111.31 we infer 

T{N) = T{N) + 2 jj |V^pdudw + 4 j {TI-^.TI^) ■ v V ds - A jj dw [Tl^,Tl2)ip dudv 

B dB B 

= T{N) + 2 jj \Vip\'^dudv > T{N) 

B 

because the boundary integral and the integral over the divergence term vanish due to the Euler-Lagrange 
equation. Thus we haved proved 

Proposition 21. A normal Coulomb frame N minimizes the total torsion, i.e. we have 

T{N) < T{N) 

for all normal frames N resulting from our SO(2)-action. Equality occurs if and only if (p = const. 
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12. Estimating the torsion coefficients 

12.1 Reduction for flat normal bundles 

Let (u,v) €z B he conformal parameters. We want to study critical normal frames in case of flat normal 
bundles 

WSn = - Tl^.u = div (-Tf ^, Tl,) EE 0. 

If TV is a normal Coulomb frame then the Neumann boundary condition (71^1,11^2) • = of the Euler- 
Lagrange equation says that the vector field (—71^2: "^i 1) is parallel to the outer unit normal vector v along 
dB. Thus a partial integration yields 

JJ SNWdudv^ I {-Tl^,Tl^) ■ ds ^ ± I ^{Tl,Y + {Tl^?ds. 

B dB dB 

In particular, if Sn = 0, i.e. if the normal bundle is flat, then we find 

r^ = ondB 

for all i — 1,2 and — 1, 2. On the other hand, differentiating = i v — T^2 u w.r.t. u and v, and taking 
the Euler-Lagrange equation Ti i ^ + 2 v = i^^to account, gives us 

Thus Til ^-iid T12 are harmonic functions, and the maximum principle implies 

= in B for all i = 1, 2 and a, i? = 1, 2. 

Theorem 3. A normal Coulomb frame N of an immersion X : B ^ M.'^ with flat normal bundle is free of 
torsion, i.e. it is parallel. 

To summarize the preceding considerations we have proved existence (and simultaneously regularity) of 
normal frames critical for the functional of total torsion. If additionally the curvature Sn of the normal 
bundle vanishes, then such a critical frame is free of torsion. 

12.2 Estimates via the maximum principle 

Next we want to consider the case of non-fiat normal bundles. From the Euler-Lagrange equation we know 
that the torsion vector (Ti i,Ti2) of a normal Coulomb frame is divergence- free. Thus the differential 1-form 

uj := —Ti 2 du + Ti I dv 

is closed, i.e. for its outer derivative we calculate 

duj — Tii^du/\dv + Tf 2 „ A = div [Tf i,Tf 2) du h dv — Q, 

and Poincare's lemma ensures the existence of a C^-regular function t satisfying (see e.g. Sauvigny [15] . 
volume I, chapter I, §7) 

dr — Tu du + Ty dv — UJ which finally implies Vr = {^Ti2, Ti i). 

A second differentiation, taking account of the representation SnW = drv {—Ti 2,Ti i) , leads us to the 
inhomogeneous boundary value problem 

At = SnW in B, t = on dB. 

To justify the homogeneous boundary condition note that Vr • {—v, u)* = on dB for normal Coulomb 
frames because (T^ii, Ji^2) perpendicular to dB. Therefore it holds r = const along dB. But r is only 
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defined up to a constant of integration which can be chosen such that the homogeneous boundary condition 
is satisfied! Thus Poisson's representation formula for the solution t yields 



B 

with the non-positive Green kernel 



*(C;w) := ^ log 



C — w 



l-wC 



of the Laplace operator A (see e.g. Sauvigny [15], volume II, chapter VIII, §1). We want to give an estimate 
for this kernel to establish an estimate for the integral function r : For this purpose note that 

IwP - 1 

= solves AV' = 1 in _B and ip = on dB. 

Therefore we conclude 

mC;w)\-id^dv^^-^<-. 



//I 



B 

Thus we arrive at 

Lemma 7. Let (u, v) £ B be conformal parameters. The integral function t for the Poisson problem for the 
curvature Sn of the normal bundle satisfies 

\t{w)\ <^\\SnW\\(jo(b-, inB, t{w) = on dB. 

Thus potential theoretic estimates for the Laplacian (see e.g. Sauvigny [IB], chapter IX, §4, Satz 1) ensure 
the existence of a real constant C = C{a) such that 

\\t\\c-2+.(b) < C{a)\\SNW\\c^^T^^ 

holds true for all a E (0,1). Finally, this C^+"-bound provides simultaneously an upper bound for the 
C^+"-norm of the torsion coefhcients. We have proved the main result of the present chapter: 

Theorem 4. Let the conformally parametrized immersion X : B with normal bundle of curvature Sn 

be given. Then there exists a normal Coulomb frame N minimizing the functional of total torsion, and whose 
torsion coefficients satisfy 

for all a G (0, 1) with the constant C{a) from above. 

In particular, for flat normal bundles with = we recover the characterization of minimizing normal 
frames from paragraph 112. II Normal Coulomb frames for flat normal bundles are free of torsion. 



12.3 Estimates via a Cauchy-Riemann boundary value problem 

Once again, let us consider the Eulcr-Lagrange equation together with the representation formula for the 
curvature Sn of the normal bundle, i.e. 

We want to present briefly a second method to control the torsion coefficients of a normal Coulomb frame 
which is strongly adapted to the case of two codimensions. 
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Lemma 8. Let N be a normal Coulomb frame. Then the complex-valued torsion 



solves the inhomogeneous Cauchy-Riemann equation 




using conformal parameters {u,v) £ B. 
Proof. We compute 



2^^ = + = (T2i_„ + Tl^ J + i{Tl,^^ - Tl^ J = + iSnW G C 



as well as 



Re [w^{w)] = Re [{u + iv){Tl^ - zT^^)] ^ uTI, + vTI^ = {-TI^, TI,) ■ {^v, - Vr • {-v, u) = 



A relation of this form is called a linear Riemann-Hilbert problem for the complex- valued function ^. There 
is a huge complex analysis machinery to attack such a mathematical problem! In particular, we want to 
derive an integral representation for 

Lemma 9. The above Riemann-Hilbert problem for the complex-valued torsion vector of a normal Coulomb 
frame possesses at most one solution ^' G C^{B) n C^{B). 

Proof. Let ^i, be two such solutions. Then we set $(w) := w[^i{w) — ^'2(w)] and compute 

$^ = in B, Rc $ on dB. 

Thus the real part of the holomorphic function $ vanishes on the set dB, and the Cauchy-Riemann equations 
yield ^ = ic \n B with some constant c G M. The continuity of and implies c = 0. □ 

Now our Riemann-Hilbert problem can be solved by means of so-called generalized analytic functions. We 
want to present some basic facts about this important class of complex-valued functions (see e.g. Sauvigny 
|46j or the monograph Vekua '54]). For arbitrary / g C^{B, C) we define Cauchy's integral operator by 



Proof. For a detailed proof see Vekua [54], chapter I, §5. We want to verify the complex derivative: Let 
{Gfc}fe=i,2,... be a sequence of open, simply connected and smoothly bounded domains contracting to some 
point zq G -B for A; ^ oo. Let \Gk\ denote its area. We compute (see Sauvigny [46 , chapter IV, §5) 



with the integral function r from the previous paragraph. 



□ 




B 



Lemma 10. There hold TbU] G C^C \ dB) n C"(C) as well as 







B 
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with the characteristic function x- Here we have used Cauchy's formula 

9{w) 



w — C. 



dw = 2Trig{() 



for a holomorphic function g with €E Gk ■ Now recalhng the integration by parts rule in complex form 

±f{w)d^drj^l: I f{z)dz 
dw 2,1 J 

Gk dGk 



we get in the limit 

d 

dw 



rB[/]H = £m -1^ I TB[f]iw)dw^f{zo) 



dGk 

for all zq E B. The statement follows. □ 
Next we set 



B ^ ' 

Now Satz 1.24 in Vekua ^53] states the following 

Lemma 11. With the definitions above, we have the uniform estimate 

\PB[f]{w)\<Cip)\\f\\L.iB), WEB, 

where p G (2, +oo], and C{p) is a positive constant dependent on p. 

Using this result (which remains unproved here) we obtain our second torsion esimate in terms of L^-norms, 
the main result of this paragraph. 

Theorem 5. Let the conformally parametrized immersion X : B ^ M.'^ be given. Then the complex-valued 
torsion of a normal Coulomb frames (Ni, N2) satisfies 

\^iw)\ < c{p)\\SNW\\LPiB} for allweB 
with some positive constant c{p) and p G (2, +00]. 

Remark 6. For a flat normal bundle with Sn = we verify our results from paragraph 112. II 

Proof. Let us write / := | SnW G C^{B) to apply the previous results. We claim that the complex- valued 
torsion \1/ possesses the integral representation 



*H=^b[/]H = -- //J/^ + f^Ledry, weB. 



B 

Then the stated estimate follows at once from the above lemma. First we claim 



wPB[f]iw)^^ JJ fiC)d^dv + TB[wf]iw)^TB[wf](^^) 
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Let us check this identity: 



/(C) d^dT^ + Tb [wf] (w) - Tb [wf] (izy -1) 



1 



/(C)dCd77-- // ^^didi^-TB[wf]{w-^) 

TT JJ JJ Q - W 



w 



J J C, — W TT JJ (^w — 1 

d^dr] 



ff / /(C) , C/(C) 



B ^ ' 

which shows this statement. Next, taking / = § SiqW into account, we infer 

Re{wPB[/](w)} = 0, wedB, 

what follows from 



TB[^iwSNW]iw) - TB[^iwSNW]{w-^) 



B B B ^ ' 

The entry in the brackets is a real number because ^ = — w holds true on the boundary dB. Investing 
additionally 

±PB[f]iw)^f{w), 

which follows from Lemma [TOl and our representation of PB[f]{w), we conclude that Pb [/](?«) solves the 
Riemann-Hilbert problem for ^E*. The above uniqueness result for the Riemann-Hilbert problem proves the 
stated representation. □ 

Note that our proof relies crucially on the fact f — i SnW is purely imaginary! 



13. Estimates for the total torsion 

The previous results allow us to establish immediately lower and upper bounds for the total torsion T(N) 
for normal Coulomb frames N. In particular. Theorems 2] and [5] show 

Theorem 6. Let the conformally parametrized immersion X : _B — !■ R"* with a normal Coulomb frame N be 
given. Then there hold 

T{N) < CiafWSNWWl^^-^^ 
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for all a G (0, 1) with the real constant C = C'{a) from Theorem^ as well as 

T{N) < c{pnSNW\\l,^s) 
for all p G (2, +oo] with the real constant c — c{p) from Theorem\^ 

The following lower bound for the total torsion of normal Coulomb frames is a special case of a general 
estimate which we will prove later when we consider the case of higher codimension. 

Theorem 7. Let the conformally parametrized immersion X : _B — s- with a normal Coulomb frame N be 
given. Assume Sn ^ for the curvature of its normal bundle. Then it holds 

where g = g{S) G (0, 1) is chosen such that 

jj \SNW\'^dudv > 0. 

Remark 7. In Lecture III we catch up on estimating the area element W what is still left to complete our 
investigations so far. 



14. An example: Holomorphic graphs 

We consider again graphs X{w) — {w, $(w)), w — u + iv B, with a holomorphic fimction ^ = ip + iip. We 
compute 

gii = 1 + |V(/9p = g22 , 512 = 

due to the Cauchy-Riemann equations (pu = ijjv, = — V'u- In particular, there hold Aip — Atjj — 0, i.e. the 
graph X = X{u,v) is conformally parametrized and represents a minimal graph in : 

AX{u,v) = mB. 

The area element W of X equals W — 1 + |V(/?p = 1 + [Vi/'p. Its Euler unit normal vectors read as 



For the associated torsion coefHcients we calculate 



Consequently, due to the special form of W we infer 
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Thus the ETilcr-Lagrange equation for a normal Coulomb frame is satisfied! In order to check the boundary 
condition of the Euler-Lagrange equation for the total torsion we introduce polar coordinates u = rcosa, 
V = r sina. Note that - = uS — v In our case we obtain 

r oa ov ou 

with the complex derivative $to = 5 {^u + i^v) G C. We infer that the necessary boundary condition is 
satisfied if and only if ^ vanishes at the boundary curve dB. Examples of minimal graph satisfying 
this special property are 

X{w) = {w,w'') withneN. 

We have proved 

Proposition 22. Let the conformally parametrized minimal graph {w,^{w)) with a holomorphic function 
^ = (fi + itp be given. Then its Euler unit normals Ni and N2 form a normal Coulomb frame N if does 
not depend on the angle a along the boundary curve dB. 
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15. Problem formulation 



In this lecture we want to generalize the previous considerations to the case of higher codimensions n > 2. 
We start with computing the Euler-Lagrange equations for the functional of total torsion 

2 n 

^(^) = E E g^'T^AWdudv 

for a normal frame N = (Ni, . . . , N^). These equations form a nonlinear elliptic system with quadratic 
growth in the gradient. We derive analytical and geometric properties of normal Coulomb frames, and we 
prove existence and regularity of parallel frames in case of vanishing curvature of the normal bundle as well 
as critical points of T{N) in the general situation of nonflat normal bundle. 



16. The Euler-Lagrange equations 
16.1 Definition of normal Coulomb frames 

In this section we derive the Euler-Lagrange equations for critical normal frames A''. We should point out that 
due to do Carmo [22 , chapter 3, section 2 we can construct a family R{'w, e) of rotations from SO{n), as con- 
sidered throughout our first lecture, for arbitrary given skew-symmetric matrix A{w) = {A^{w))cr,^=i,...,n G 
C°°{B, so(n)) by means of the geodesic flow in the manifold SO{n). 

In terms of such rotations we consider variations — {Ni , . . . , Nn) of a given normal frame N — {Ni , . . . , -/V„) 
by means of 

n 

Na{w,e) := ^ R'^{'w,e)N^{w), a = l,...,n, 

with a one-parameter family of rotations 

R{w,e) = {Rt{w,e))^^^^^^ e C°^{B x (-eq, +£o), SO(n)), 
with sufficiently small Eq > 0, such that 

Riw, 0) = E" , ^ 0) = A{w) e C°°{B, so(n)) 
oe 

is true with the rt-dimensional unit matrix E". Such a matrix A is the essential ingredient for defining the 
first variation of the functional of total torsion. 

Definition 19. A normal frame N is called critical for the total torsion or shortly a normal Coulomb frame 
if and only if the first variation 

6T{N, A) linr i {T{N) - T{N)} 
vanishes w.r.t. all skew- symmetric perturbations A{w) = {A^(w))cr, ■&=!,..., n G C°° [B ^so{n)). 
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16.2 The first variation 

Now we present the Euler-Lagrange equations for normal Coulomb frames. 

Proposition 23. The normal frame N is a normal Coulomb frame if and only if its torsion coefficients 
solve the Neumann boundary value problems 

div{T^^,X,2)^0 ^nB, {Tl^,Tl2)-^ = ^ on dB 
for aZZ (7, 1? = 1, . . . , n with v being the outer unit normal vector along the boundary dB. 
This system of conservation laws is again the origin of the terminology "Coulomb frame." 

Proof. We consider the one-parameter family of rotations R{w, e) = {R'^{w, s)) a, n from above. Expan- 
ding around £ = yields 

R{w, £) = E" -h sA{w) + o(e). 

Now we apply the rotation R = {Rf)a,'d=i,...,n to the given normal frame N. The new normal vectors 
Ni,. . . , Nn are then given by 

n n n 

N, = Y, RtN^ = E + + «(^)} N^ = Na+EY, + o{e), 

i?=i i?=i i?=i 

and we compute 

n 

K,u' = K,u^ + 8 E «„.iV^ + AiN^^^e) + o{e) 
for their derivatives. Consequently, the new torsion coefficients can be expanded to 

n n 

n 

= + £A-„. + e J2 {KT^e + KT^,e} + o{e), 

and for their squares we infer 

(r-,)2 = (r-,)2 + 2s Ia-^^^^T-], + J2 {KTl,T^,t + KtI^K,) j + o{e). 
^ 1?=1 

Before we insert this identity into the functional T{N) of total torsion, we observe 

n n 

Y,{AtnAT-, + AlTl,T-^,] = {AtTl,T-, + A^,Tl,TZ^,] 

cr,aj,i9=l (7,0;, 1?=! 



2 Kti^t^,, = 



taking the skew-symmetry of the matrix A into account. Thus the difference between the torsion functionals 
T{N) and T{N) computes to (A-„,r-, = A- ^.T-,!) 

n 2 „ „ 

T{N)-T{N) = 2sYT. A-^^,T-,dudv + o{e) 

= Y J KiT^,i,T:;^2)-^'ds-Ae Y < div (T-^, T-^) dudt; + 0(e). 

l<(T<u;<n^g l<<T<uj<n ^ 

But A was chosen arbitrarily which proves the statement. □ 
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16.3 The integral functions 

Interpreting the Euler-Lagrange equations as integrability conditions, analogously to the situation considered 
in paragraph II 2. 21 we find integral functions t'-'^^^ g C''~^{B,M.) satisfying 

Vr^'"'') = ( - r^2, T^.i) in B for all ct, z9 = 1, . . . , n. 

Due to the boundary conditions in (T^j^, T^j) -1^ = which imply Vt^'^''' • (— u, u) = on dB with the unit 
tangent vector {—v,u) at dB, we may again choose t^'^'^^ so that 

T^'^'') =0 on 95 for aU cr, = 1, . . . , n. 

Note that the matrix (t^""*^)^,,?^!,...,™ is skew-symmetric. 

16.4 A nonlinear elliptic system 

Let us now define the quantities 

n 

j^(<T^) J2 det (Vr('"'^) , Vr^'^'')) , tr, ^? = 1, . . . n. 

The matrix (^T'^°'''^)o-,i9=i,...,ra is also skew-symmetric. The aim in this paragraph is to establish an elliptic 
system with quadratic growth in the gradient for r^'^''-' . 

Proposition 24. Let a normal Coulomb frame N be given. Then the functions t'^''^\ a,d = 1, . . . ,n, are 

solutions of the boundary value problems 

At^"^^ = - St^"'^^ + Sli2 in B, t'^"'^^ =0 on dB , 
where Jr^'^'') grows quadratically in the gradient Vr^"'''-' . 

Proof. Choose any (cr, i?) G {1, . . . , n} x {1, . . . , n}. The representation formula 

n 

Ql9 rpi} rji^ , \ ^ J rpUJ rp'O rpLO rji^ 1 

^a,12 — -'-cr,l,v ~ ^cr,2,u + /-^ \^a.\^u),2 ~ ^a,2^LoS< 

LL>=1 

for the normal curvature tensor together with Vr^'^'') = {—T^2^T^i) yields 

n 

n 

proving the statement. □ 



17. Examples 

Let us evaluate this nonlinear system in the special cases n = 2 and n — 3. 
17.1 The case n = 2 

In this case there is only one integral function r^^^^ satisfying 

At(12) ^ 5-2^2 in B, t'i^) = on dB. 

This is exactly the Poisson equation with homogeneous boundary data from paragraph 112.21 with r ~ r*^^^^ 
and SnW = Sli2- 
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17.2 The case n = 3 

If n = 3 we have three relations 

A_(12) _ (13) (32) _ (13) (32) , ^2 

— ~v ~u ~u ~v + ^1,12 J 

A (13) _ --(12) (23) _ (12) (23) , o3 

— ~v ~u ~u ~v + '-'1,12 ' 

A-.(23) _ (21) (13) _ (21) (13) , o3 

— ~v ~u ~u ~v + '-'2,12 • 

Now if we set 

r:=(r(i2),^(i3),^(23)) S:={Sl,,,Sl,,,Sl,,) = Wen 

with the curvature vector &n — W^~^('S'i.i2, 'S'1,127 'S'2,12) of the normal bundle from paragraph 16. 7[ we find 

AT = r„ X r^, + 5 in B, T = on dB 

with the usual vector product x in R'^. That means: T solves an inhomogeneous H-surface system with 
constant mean curvature H = ^ and vanishing boundary data, compare with the mean curvature system 
from Lecture I, that is, 

AX = 2HWN 

with the scalar mean curvature H, the area element W, and unit normal vector N. If, additionally, X satsifies 
the conformality relations, then X even represents an immersion with scalar mean curvature H. 

In particular, if &n = 0, then T = by a result of Wente [57]. We consider the general situation of higher 
codimensions in the next sections. 



18. Quadratic growth in the gradient 
18.1 A Grassmann-type vector 

The last example gives rise to the definition of the following vector of Grassmann type 

^-(-^^'Oi<.<.<„el»"> N---l{n-i). 

In our examples T works as follows: 

T = r(i2) e M for n = 2, 

r = (r(i2) , r (13) , r (23) ) ^M? for n = 3. 

Analogously we define the Grassmann-type vectors 

5T:=(<5r(^-))^<^^,<„eR^, 5 = 1^6^ 

with the curvature vector &n — W^'^{Si 12, Sf 12, ■ ■ ■)■ Then Proposition II 6 .41 can be written as 

AT = -5T + S in B, T = on dB. 
From the definition of 6Q we immediately obtain 

|Ar| < c|Vr|2 + |5| inB 

with some real constant c > 0. 
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18.2 Nonlinear system with quadratic growth 

The exact knowledge of this constant c > will become important later. 
Proposition 25. It holds 

|AT| < ^^^^ |Vr|2 + |5| mB. 

Proof. We already know 

\AT\ < \6T\ + \S\ in B. 
It remains to estimate \5T\ appropriately. We begin with computing 

\STf= (Edet(VT(--),Vr(-''))| < (n - 2) ^ | det (Vr^^-), Vt(-*))'| . 

Note that only derivatives of elements of T appear on the right hand side of jf^Tp. Moreover, this right 
hand side can be estimated by A T^p because A%, has actually more elements than TZ^ Thus using 
Lagrange's identity 

\XAY\^ = \X\^\Y\^ ~ {X-Y'f < |X|2|y|2 

we can estimate as follows 
Taking all together shows 

lATI < V^^\Tu\\%\ + \6\ < |vrp + \S\ 

which proves the statement. □ 



19. Torsion free normal frames 
19.1 The case n = 3 

As already mentioned, in Wente [57] we find a uniqueness result for solutions of the homogeneous system, 
corresponding to the flat normal bundle situation 6jv = 0, if the codimension is 3 : 

Proposition 26. (Wente f57f ) 

The only solution of the elliptic system 

AT = T; X T; in B, r = on dB, 

isT = 0. 

A proof of this result follows from asymptotic expansions of solutions T in the interior B and on the 
boundary dB. We particularly refer to Hartman and Wintner [3^ and Hildebrandt [39j; see also Heinz' 
result mentionend in paragraph 119.31 In particular, we infer 

Corollary 1. Suppose that the immersion X : B M.^ admits a normal Coulomb frame. Then this frame 
is free of torsion if and only if the curvature vector 6 n vanishes identically. 

This is a special case of a general result we discuss in paragraph ll9.3l 

®In particular, elements of the form det (Vr'*'"' , Vt'" )^ appear in A 7i p, but they do not appear in TZ. 
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19.2 An auxiliary function 

To handle the general case n > 3 we need some preparations. Let us start with the 
Lemma 12. Let &n = 0. Then the function 

l<CT<!)<n 

with the complex derivative ^!>u, = ^ {<pu + i<Pv)j vanishes identically in B. 

Proof. We will prove that $ solves the boundary value problem 

^yj = Q in B, Im(u;^$) = on dB. 

Then the analytic function ^{w) := vP'(^{w) has vanishing imaginary part, and the Cauchy-Riemann equa- 
tions imply ^'(w) = c e R so that the assertion follows from ^'(0) = 0. 

1. In order to deduce the stated boundary condition, recall that t'^'^^^ = on dB. Thus all tangential 
derivatives vanish identically because 

-VT^^'^^ + wri"'') = -iMwT^^^) = on SB 

for all CT, ^ = 1, n. The boundary condition follows from 

Im {w^^) = Im (w' ■ T^) = Im Yl ^i^'^^^i^'^ ] 

l<(T<i?<n ^ 

= J2 Im{Kr))Kr))} =2 Y: ReKr')lmKM)) =0 

l<(T<rf<n l<<7<i><n 

on the boundary dB. 

2. Now we show the analyticity of $ with the aid of At^'^^^ = 4t^'^^ = —St^'^'^^ : Interchanging indices 
cyclically yields 



1 " 

2$- = 4T -T - = 4 V r T^'"'') = - V t'^'^^^At^'' 

l<a<^<n cr,i3=l 

^ / J V 'u 'u 'u 'v 'u j 

n 

^ / y V 'u 'v 'u 'v 'v J 

<7,1?,W = 1 

^ / ^ V 'u 'u 'u 'v 'u j 

n 

( i^<T) {au;) _ (aa.) (a;,?) M) \ 

/ J I 'u 'v 'u 'v j ' 



~ 4 „ 

which shows = 0. The proof is complete. 



□ 



19.3 The case n > 3 

The main result of this section is the 

Theorem 8. Suppose that the immersion X: B ^ M"+^ admits a normal Coulomb frame N. Then this 
frame is free of torsion if and only if the curvature vector &n of its normal bundle vanishes identically. 
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Proof. Let TV be a normal Coulomb frame. If it is free of torsion then ©^f vanishes identically. So assume 
conversely ©^y = and let us show that N is free of torsion. Consider for this aim the Grassmann-type 
vector T from above. Because 7^ • 7^ = holds true by the previous lemma, we find 

\Tu\ = \%\, inB, 

i.e. T is a conformally parametrized solution of 

AT = - ST in B, T = on dB. 

According to the quadratic growth condition \6T\ < c|VTp (see paragraph II 8. ip . the arguments in Heinz 
[37] appljlj: Assume T ^ const in B. Then the asymptotic expansion stated in the Satz of Heinz [37] implies 
that boundary branch points wq G dB with Tu{wq) = T{wo) = are isolated. But this contradicts our 
boundary condition T\qb = 0! Thus T = const = which implies r''^''^ = for all cr, ?9 = 1, . . . , n, and the 
normal Coulomb frame is free of torsion. The theorem is proved. □ 



20. Non-flat normal bundles 



We establish upper bounds for the torsion coefficients of normal Coulomb frames. 



20.1 An upper bound via Wente's L°°-estimate 

Our first result is 

Proposition 27. Let N be a normal Coulomb frame for the conformally parametrized immersion X. Then 
the Crassmann-type vector T satisfies 

miL^iB) = sup / M^"H^)P< ^ IIVTIli.(^) + ^^^^ ||©ivM^|U^(B) 

'"^-^ Y l<a<^<n 

with the Lebesgue L^-norm \\ ■ \\l'^(b) etc. 

Proof. 1. For 1 < cr < i9 < n, w g {1, . . . , n} with lj ^ {ct, and given integral functions t^'^'^^ we define 
the functions y'^"^^^ as the unique solutions of 

AyM-') = -det(Vr('"'^\Vr('^'')) inB, t/^'"''") = on 95. 

Wente's L°°-estimate from Wente [58] together with Topping [53] then yields the optimal inequalitie^ 
(see also section 22.1) 

U'^'^-HL^iB) < ^(l|Vr(-")||i.(B) + l|Vr(-'')||i.(5)), 1 < a < ^ < n, ^ ^ {a,^}. 

In addition, we introduce the Grassmann-type vector Z = {z^'^'^^)i<:„^^<n as the unique solution of 

AZ = S in B, Z = on dB. 

''Let X: G C^(B,R") solve the elliptic system AX = Hf{X,Xu,Xv) together with X^ = Xl, Xu ■ X^ = 0, where 
g)| < /^da^Ddpp + Then if Xu{wo) = for some uiq £ dB, but Xu ^ 0, the following asymptotic expansion 

X^{'wo) = a(w — wqY — o{\w — wo\^) holds for w —> wq, where a £ C with a| + . . . = 0, and £ € N \ {0}. 

**In 1980 H. Wente proved: Let $ G C^iB) n H^''^{B) be a solution of A* = -\fu9v - fvQu) in B, * = on dn, with 
},g G H^-'^(B), then W\l'^(b) + I|V3>||^2(b) < C|| V/||^2(b) 1| Vg|1^2(B) . Following Topping ^ we may set f = ^ after 
applying Holder's inequality. See also section 22 below. 
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with S = {Si 12, Sf ■ ■) ^ — WGn- Introduce new indices to write Z = {Zi, . . . , Z^) and 
S = {Si, . . . , Sn) for the moment. We use Poisson's representation formula to estimate as follows 



N 



N 



\z{w)\ < j2\Zi\ = Yl 



i=l 



II ci,{c;w)Si{(:)d^dii <J2ll m;w)\\Si{o\d^dv 



< 



N 



s/N II \cl>{C;w)\ X^|5i(C)PdCrf77 = ^ jj \^{C-M\\S{QW7i 

B M B 

with the Green function (l}{C,;'w) for A in S; ^ = Jj). Prom Lecture II we already know 



II \cl,{Q-w)\d^dr,= ^—^<- 



4' 



which enables us to continue to estimate to get 



\z\\l^(b)<^n\\su^^b) II m;^v)\d^dv<^\\su^^B) 



2. Now recall that 



Taking account of the unique solvability of the above mentioned Dirichlet problems with vanishing 
boundary data, the maximum principle yields 



W0{(7,1?} 



n. 



Now we collect all the estimates obtained and get (we rearrange the summations and redefine some 
indices of the sums) 



l<CT<!?<nw0{CT,t?} 



l<o-<i?<n 



< E E lb^"''"'lUoo(s) + \/A^||^||Loo(B) 

l<cr<!?<na;0{CT,t?} 



^ i E E (l|Vr('^-)|li.(B) + l|Vr('^'''||i 

l<<7<i?<na'0{<7,i?} 

I l<ui<a<^<n 

l<cr<w<f?<n 

+ E (l|Vr(--)||i.(B) + l|Vr(^-)||i.(B))| 

l<<7<i?<aJ<Ti J 



N 



N 
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I l<a<-d<LU<n l<a<uj<i)<n l<(T<i?<a)< n 



E iivr(^"^iii.(B)+ E \\^r(^'"\\lHB)+ E 11^-^^"^"' 



l<w<CT<i5<ri l<CT<cj<i5<n l<w<cr<i3<ri 

N 

= i E E l|Vr('^'')|li.(B) + ^l|5|U^(.) 
- IIT7TII2 I ^ n{n~l) 

= II VT||^2(B) + - . 

This proves the statement. 
20.2 An upper bound via Poincare's inequality 

For large codimension n, the above estimate is somewhat unsatisfactory. Ahernatively, we show 

k^"''^HI < y|lKi2llL^(s) inS iora\\l<a<d<n 
for the Grassmann-type vector Z = (z^^^-*, z^^^\ . . .) from the previous paragraph. Then we would have 

WZh^iB) = sup / E l^(^''>HP</f / E \Ki2\\UB)-\[l\\ShHB) < V2\\S\ 



□ 



L°°{B) 

l<cr<i5<n ' " V l<(T<i?<n 



which finally leads us to a smaller upper bound for ||T||ioo(5) at least for codimensions n = 2,3. In order to 
prove the stated inequality we start with the Poisson representation formula 

z(-^) ^ ff 0(C; w)St„{C) d^dr^, z^'^") = on OB. 



B 



Applying the Holder and the Poincare inequality gives 

l^'^^'^HI < m-;w)hHB)\K,,\\LHB) < ^||Vc</.(-;«^)I|lhs)|Ki2IIl^(s). (20.1) 

For the optimal constant in the Sobolev inequality we refer to Gilbarg and Trudinger [32], paragraph 
7.7 and the references therein. Furthermore, cj) = (j){(^;w) := ^ log |^^i=^| denotes again Green's function for 
the Laplace operator A in B which satisfies (j>{- ; w) £ Hq{B) as well as 



2(^c(C; w) = (C; w) - iMC; H = ^ ( |^^_^2 + ^^^r^) > ^ ^ C- 
A straightforward calculation shows 

1^ M ^1, M 1 1 1+ lull 1 1 

ZTT 1^ — |1 — w^l 2tt \(^ — w\ n \(^ — w\ 
And since the right hand side in the inequality 

B Bsiw) B\Bs{w} 
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becomes minimal for S ~ we arrive at 

V2' 



proving the stated inequality. Rearranging gives 



Thus we have 



Proposition 28. Let N be a normal Coulomb frame for the conformally parametrized immersion X. Then 
the Grassmann-type vector T satisfies 

This provides us a better estimate at least if n = 2,3. 

20.3 An estimate for the torsion coefficients 

We are now in the position to prove our main result of this section. 

Theorem 9. Let N be a normal Coulomb frame for the conformally parametrized immersion X . B ^ 
with total torsion T{N) and given \\S\\Lco(^gy Assume that the smallness condition 



^l^[^T{N)^C{n)\\SU^(s^ <l 

is satisfied with C{n) := min { "^"g , \/2} . Then the torsion coefficients of N can be estimated by 

llr^lUoo(B) < c, 1^1,2, l<a <^<n, 
with a nonnegative constant c — c{n, ||5||ioo(5), T(iV)) < +00. 
Proof. We have the following elliptic system 



[ATI < y "^"^ |Vrp + |5| inS, r = ondB, 

n ~ 2 

l|r|U^(s) < l|vr||i.(s) + c(n)|i5|U^(B) < m e [o, +^) . 

The smallness condition ensures that we can can apply Heinz 's global gradient estimate Theorem 1 in Sau- 
vigny [46], chapter XII, §3, obtaining ||VT||oo < co This in turn yields the desired estimate. □ 

Remark 8. It remains open to prove global pointwise estimates for the torsion coefficients without the 
smallness condition. In particular, we would like to get rid of the a priori knowledge of T{N). 



®This theorem states: Let X G C'^{B) be a solution of the elliptic system |AX| < a|VXp + 6 in B with Jf = on dB and 
X||^oo < M. Assume aM < 1. Then there is a constant c = c{a, 6, M, a) such that ||^||^i+c ^^-j < c{a, 6, M, a). 
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21. Bounds for the total torsion 
21.1 Upper bounds 

From the torsion estimates above we can easily infer various upper bounds for the functional of total torsion: 
For example, the previous theorem yields an estimate of the form 

r(7V)<2 J2 II {r.^,ilU-(i3)^ + ll^.^,2lU-(s)}^^"d«=:^^KI|5|Uoo(B),r(iv)). 

l<CT<i3<ri ''J 

Let us focus an alternative way for small solutions T : Namely, multiplying 

AT=-ST + S 

by T and integrating by parts yields 

Proposition 29. For small solutions HTH^ocj-^-) < -^7=5 it holds 

T{N) = 2||vr||i.,^, < 4||r|U^)H5H,.(^ )_ 



(B) 



Remark 9. The reader is refered to Sauvigny [46] where such small solutions of nonlinear elliptic systems are 
constructed. Let us emphasize that the case n = 2 is much easier to handle: The classical maximum principle 
controls HTH^ocj-^-) in terms of ||>5'||x,o^(_b), and no smallness condition is needed to bound the functional of 
total torsion. 

21.2 A lower bound 

Finally we complete this section with establishing a lower bound for the functional of total torsion. 

Proposition 30. Let N a normal Coulomb frame for the immersion X. Assume that the curvature vector 
of its normal bundle satisfies S ^ as well as ||V5||/^2(3) > 0. Then it holds 



with g = g{S) G (0, 1) constructed in the proof given below, and Bg = {(m, v) G + < 

Proof. 1. Because of 5 7^ there exists (a first) g = g[S) G (0, 1) such that 



\\s\\mB,)^ jj \s\^dudv\ >o, 



and this is already our g from the assumption of the proposition. Now we choose a test function 
ry G C°(B,IR) n hI'^(B) with the properties 

77 G [0, 1] in B, ?7 = 1 in B„ , IV77I < in B. 

1 - g 

Multiplying AT — —ST + 5 by {rjS) and integrating by parts yields 

J J Vr • \7{r]S) dudv = jjri5T-S dudv - jj V \S\^ dudv. 

B B B 
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Taking \ST\ < \Jn — 2|7^J|7^| (see section 18.2) into account, we can now estimate as follows: 
^ dudv < jj i^\S\^dudv < jj rj\5T ■ S\dudv + jj \\/T ■V{r]S)\dudv 

Bg B B B 

< jj v\ST\dudv + JJ \Vr]\\S\\VT\dudv + JJ 7]\VS\\VT\dudv 

B B B 



WSh-iB) JJ \VT\^dudv+^ JJ \S\' dudv + ^-^^^—^ JJ \yT\'dudv 

B B B 



\VS\^ dudv + JJ \VT\'^dudv 

B B 

with arbitrary real numbers e,d > 0. Summarizing we arrive at 



2. Now 



we choose e : Inserting e = 11511^2(3) H^Hla^Sj,) > and rearranging for gives 



And since ||V5||i2(B) > we can insert 6 — 5I|V5||^2(b)II'^IIl2(_b ) which implies 
Having T{N) = 2|1VT|1|2(5) in mind we arrive at the stated estimate. 



□ 



22. Existence and regularity of weak normal Coulomb frames 
22.1 Regularity results for the homogeneous Poisson problem 

To introduce the function spaces coming next into play we consider the Dirichlet boundary value problem 

A(f)(u,v) — r{u,v) in B, u) = ondB. 

Let us abbreviate this problem by (DP). 

22.1.1 Schauder estimates 

Let r G C"{B) hold true for the right hand side r. Then there exist a classical solution of (DB) satisfying 

||0|lc2+=(s) < C'(a)lkllc=(B)' 

see e.g Gilbarg and Trudinger [32] . 
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22.1.2 LP-estimates 



Let r e L'^{B) then any solution G H^''^{B) is of class H'^''^{B), and it holds 



11011^2, 2(B) < C(||(?!)||/fl.2(B) + ||r||£2(B)) . 



In particular, if r G -ff' 



-m-2,2 



(_B) for the right hand side we have 



For a detailed analysis we refer the reader to Dobrowolski [53], chapter 7. Note that we must require r G L'^{B) 
to infer higher regularity (p G C^{B) because H^'^{B) is continuously emedded in C°{B) by Sobolev's 
embedding theorem. Buf if, on the other hand, r G L^{B) then any weak solution (p G H^-^{B) of (DB) 
satisfies 

||0||l<j(S) < C\\r\\Li(^B) for aU 1 < g < cx) , 
\mm.p{B) < C||r||£i(B) for all 1 < p < 2. 
In particular, a function (f> G H^'^(B) is not necessarily continuous. 

22.1.3 Wente's L°°-estimate 

This situation changes dramatically if the side hand side r possesses a certain algebraic structure. Namely 
assume 

da db da db 

r = 

du dv dv du 

with functions a, 6 G H^''^[B). Then again r G L^{B) but any solution G H^''^{B) is of class C^{B) and 
satisfies Wente's L°°-estimate 



see Wente [SS]. We already used this inequality in section 20.1 for establishing an upper bound for the 
total torsion of normal Coulomb frames. The idea of its proof of this inequality follows from an ingenious 
partial integration of the right hand side presented in curl-structure using the conformal invariance of the 
differential equation. Finally we approximate a and b by smooth functions a^bn G C°°{B) which form a 
Cauchy sequence in HI, 2{B) n L°°{B) with continuous limit. 

22.1.4 Hardy spaces 

Wente's discovery is the starting point of the modern harmonic analysis. Its general framework is the concept 
of Hardy spaces. From Helein |38| we quote two possible definitions of Hardy spaces leading to equivalent 
formulations. 

Definition 20. (Tempered- distribution definition) 



L'^(B) + I|V(?!)||l2(s) < — ||Va||i2(s)||Vfe||i2(B) ; 



Let * G Cej^(R™) such that 




For each e > we set 




Then cj) belongs to ^^(M™) if and only if (p* G i^R™) with norm 



||0||-H1(E'") < I|0||li(R™) + II</'*I|li(R'") • 
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Definition 21. (Riesz-Fourier-transform definition) 

For any function (f) G L^iM™') we denote by Rct4> ihe function defined by 



with the <j)-Fourier transform 



(27r) 2 



Then (j) belongs to Tl^(W") if and only if 

e L^(]R'") for alia ^l,...,m 

with norm 

m 

ll^ll-HiCR") = II'?^'IIli(r'") + X! \\Ra(f>\\mR"-) ■ 

a=l 

For a profound and comprehensive presentation of harmonic analysis we want to refer the reader to Stein's 
monograph |49j. 

Consider again our Dirichlet problem (DP). Let a, 6 e H^'^{B), and consider its extensions a t—>a and b^ h 
in iJ^'^ to the whole space such that these mappings are continuous from H^'^[B) to iJ^'^(IR.^). Then, 
referring again to Helein [38 , u G 7i(]R^)! 

22.1.5 Lorentz interpolation spaces 

This fact becomes especially important now. Let us start with 

Definition 22. Let il C M™ be open, and let p G (1, +oo) and q G [1, +oo]. The Lorentz space IS 
the set of measurable functions (j): M. such that 

|/||i(p,,) I y <C50 ifq<+oo 

or 

||/||l(p.9) sup tp4)*{t) < oo if q = +oo. 
Here 4>* denotes the unique non-increasing rearrangement of |(/)| on [0, measfl]. 

Lorentz spaces are Banach spaces with a suitable norm. They may be considered as a deformation of L^. 
Note that 

L^P'P\B) = LP{B) , L(f^i)(B) C L'^p^'^'^B) C L'^p^''"\B) C L'^p^°°\B) 
for 1 <q' <q". Then 

(i) if (/) G H^'^{B) solves (DP) with r G n^{B) then f^, |^ G L^^^^^B); 
(i) if0Gi?i'2(5) ^itij eL(2.i)(5) then (/) G C"(B). 

22.1.6 The general regularity result 

Summarizing we can state the following regularity result from Helein |38j . chapter 3. 

Proposition 31. Let a,b e ^^'^(S), and assume (f) G H^''^{B) solves (DB). Then |^ G L^^'^^B), and 
in particular (p G C^{B). 
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22.2 Existence of weak normal Coulomb frames 

In case n = 2 we constructed critical points of the functional of total torsion solving the Euler-Lagrange 
equation explicitely and varified its minimal character. In the general situation now we construct critical 
points by means of direct methods of the calculus of variations. We start with the following 

Definition 23. Let to G N, m > 2. For two matrices A, B €z M™^™ we define their inner product 

m 

(AS) =trace(AoB*) = ^ ^^^^.^ 



id the associated 



cr,-d=l 

Helein proved in 38J, Lemma 4.1.3, existence of weak Coulomb frames in the tangent bundle of surfaces. We 
want to carry out his arguments and adapt his methods to our situation. Additionally we want to present 
classical regularity of weak normal Coulomb frames. We always use conformal parameters (m, v) £ B. 

Proposition 32. There exists a weak normal Coulomb frame N £ H^'^{B) n L°°{B) minimizing the func- 
tional T{N) of total torsion in the set of all weak normal frames of class H^'^(B) n L°°{B). 

Proof. We fi^F"! some normal frame N e C'^^^-°'{B) and interpret T{N) as a functional T{R) of SO{n)- 
regular rotations R = {Rt)a,^=i....,n £ H^'^{B, SO{n)) by setting 

•^(^) =ilillj ^li)" '^"'^^ = // (1^1 1' + l^^n dudv, := E , 

cr,iS = l 1=1 •'J •'J i?=l 

setting Ti = {T^ j)a,{)=i,...,n- Choose a minimizing sequence ^R = {'R^)cf)=i,...,n £ H^'^{B, SO{n)) and define 
W„ J2 'KNi). As in paragraph [63] we find 'Ti = o 'i?* -^'RoTiO 'R^ which implies 

^T, o 'Tl = (X» o 'R' + 'Rof,o 'R') o {'R o X. + 'i? o T* o 'R') 

= o 'Rl +'Rof,o 'Rl + 'R^. o o 'R' + 'RoT,of*o 'RK 

In particular, we conclude 

trace {'Ti o ^ trace o 'i?^ ) + 2 trace {'R o%o 'R^, ) + trace (T, o f/) 
or using our notion of a matrix norm 

rr.p = \%,,\' + 2{'Rof,,'R^.) + |f,|2. (22.2) 
Furthermore, taking \'RoTi \ = \Ti\ into account, we arrive at the estimate 

\'T,\^ > {\fi\ - I'RuAY a.e. on B, for aU i£N. 

Now because the Ti are bounded in L^{B), and since 'R is minimizing for !F, the sequences 'Ti are also 
bounded in L^{B). Thus, 'R^i are bounded sequences in L^{B) in accordance with the last inequality. By 
Hubert's selection theorem and Rellich's embedding theorem we find a subsequence, again denoted by 'R, 
which converges as follows: 

X-^^u' weakly in L2(B,M"''"), 'R ^ R strongly in L'^IB, SO (n)) 

^"Note that now we start from TV and transform into A'^. 

"Note that the proof of this identity remains true for R G W^'^iB, SO{n)) D H^''^{B, SO{n)). 
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with some R E H^''^{B, SO{n)). In particular, going if necessary to a subsequence, we have '^R ^ R a.e. on 
B as well as 

lim / / \'Rof,-Ro TA^ dudv = 



B 



according to the dominated convergence theorem. Hence we can compute in the limit 

^lim jj {'R o fi , 'R^, ) dudv = ^lim f j j {'Rof, - Rof,, ) dudv + JJ{Rof,, ) dudvj 



= JJ {R o Ti, Ry^i) dudv. 

B 

In addition, we obtain 

Hm J J \'R^.\^dudv> J J \Ry^\^dudv 



e- 

B B 



due to the semicontinuity of the L^-norm w.r.t. weak convergence. Putting the last two relations into the 
identity I'T^p = p + 2{'R o T„ + \T,\^ we finally infer 



dudv 



B B 



ihnj^m = hm // {m^ + n, 

B 

{\Ru\^ + \Rv\^) dudv + 2 JJ {{Rofi,Ru) + {Rof2,R„))dudv 

B 

= JJ {\T,\^ + \T2\^)dudv = J'iR) 

B 

where Ti — [T"^ i)a,-d=i,....n denote the torsion coefficients of the frame N with entries Nu := Rt^f)- 
Consequently, N £ H^-^{B)r)L°" {B) minimizes Tx and, in particular, it is a weak normal Coulomb frame. □ 

22.3 /ffj^-regularity of weak normal Coulomb frames 

To prove higher regularity of normal Coulomb frames we make essential use of techniques from harmonic 
analysis. Consult, if necessary, paragraph 122. II We always use conformal parameters {u, v) G B. 

Proposition 33. Any weak normal Coulomb frame N G H^'^[B) n L°^{B) belongs to the class Hf^^{B). 

Proof. 1. The torsion coefficients T^^ of the normal Coulomb frame N are weak solutions of the Euler- 
Lagrange equations 

div(r,^,T,^)=0 ini? 

for all a, ?9 — 1, . . . ,n. Hence, by a weak version of Poincare's lemma (see e.g. Bourgain, Brezis and 
Mironescu |6j Lemma 3), there exist integral functions G H^'^{B) satisfying 

in weak sense. Thus the weak form of the Euler-Lagrange equations can be written as 
0^ JJ Wur^, - dudv = J rt^ds for aU ^ G C°°(B), 

B dB 



Normal Coulomb frames 



65 



where ^ denotes the tangential derivative of ip along dB. Note that J^dB rneans the L^-trace of 
on the boundary curve dB (see e.g. Alt [T, chapter 6, appendix A6.6]o. Consequently, the lemma of 
DuBois-Reymonc0 yields = const on dB, and by translation we arrive at the boundary conditions 

= ondB. 



2. Thus the integral functions are weak solutions of the second-order system 

Ar^ = -r,^,2,« + T^A.v - ~{N.,v, N^,u) + {N,,u, N^,,) in B 

where the second identity follows by direct differentiation. By a result Coifman, Lions, Meyer and 
bemmes the right-hand side of div-curl type belongs to the Hardy space 'Hj^^{B) and, hence, 

the belong to Hf^l (B) by Fefferman and Stein [57] [H Consequently we find T^^ G H^^l {B)r]L^{B). 
Next, we employ the Weingarten equations 

2 n 

j,k=l i5=l 

in a weak form. For the coefficients of the second fundamental form we have L^r^ij = ■ X^i^j 
leading to La,ij € H^-^{B) taking account of iV e H^^^{B) n L°°{B) and e L°°{B). Hence 

we arrive at iV^,„, G H^'^iB) and N G H^^'^iB) for our weak normal Coulomb frame. Note that 
e hI;1{B) n L^{B) and N^) G iJ^^^j-^) ^ imply T^iN^ G iJ/jc^(-B) by a careful adaption of 

the classical product rule in Sobolev spaces which is explained in the lemma below. We have proved 
the statement. 

□ 



So let us catch up on the following lemma to complete the proof. 
Lemma 13. It holds 

i3=l 

Proof. Note that T^iN^ G L'^{B) because T^^ G L'^{B) and N^) G We show that T^^N^ has a weak 

derivative, i.e. we prove that 

is the weak derivative of ^N^. In other words 

B 

for all if G C^{B). For such a test function ip define ijj = if G ^o"^ ^ L'^i^), and we claim 

Ny^j^pdudv = — J J Nip^j dudv. 

B B 



-'^Let 1 < p < oo. Then there is a uniquely determined map S: H^'P{B) — > Lf{B) such that ||>S(</')||lp(sb) < C||<7i||^i,2(a). 
Additionally, it holds S{<j>) = (j>\gg if </) G H'^-^{B) n C°{B)). The map 5 is called the trace mapping. 

"'^ Its one-dimensional version is the following: Let / G L^{[a,b]), and assume that f{x)ip{x) dx = Q for all G C°°{[a, b\). 
Then / = const almost everywhere. 

"Let <p: _H"1'2(IR2), Then / := det (Vt/)) S W^(IR2), and it holds ||/||h1{k2) < C||9i||Hi,2(R2) ; see section 22.1. 

l^Let (j) e L^{M?) be a solution of -At/) = / e ^^(R^). Then all second derivatives of </> belong to L'^{M?), and it holds 
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For the proof of this relation we approximate ip with smooth functions ijf e (B) in the sense of Friedrichs. 
Then ip^ ^ ill in H^'^{B) fi LP'{B), and tp = Q outside some compact set K CC B. We estimate as follows 

jj {N^,u^ V' + ) dudv = jj (iV^,„, + iV^ ) dudv + jj N^^^j - i'') dudv 

jj N^itpli - ipui)dudv 



taking 



jj N^,iip^ dudv = - jj Niplj dudv 



into account. Because Wtp — iP^\\l^(b) — * and \\tp^j — V'u^lUns) ^ for £ ^ we arrive at the stated 
identity. Now we use the product rule and calculate 

jj{Tl^N^^^+N^Tl^^^,)^dudv = jj N^^^ipdudv + jj N^T^,^^, ^ dudv 

B B B 

= - jjiT^^,<pU,N^dudv + jj N^T^.^^,<fidudv 



Tt,i,uoNwdudv- II Tl,^^,Ndudv+ 1 1 N^T^.^^,ipdudv 
= - jj iTliN^)^^j dudv. 



This proves the statement. 



□ 



23. Classical regularity of normal Coulomb frames 

Our main result of this chapter is the proof of classical regularity of normal Coulomb frames. Up to now wc 
only know regularity in the sense of Sobolev spaces. An essential tool on our road to regularity are again the 
Weingarten equations from Lecture I. 

Theorem 10. For any conformally parametrized immersion X e C'^'"(B,IR"+^) with k > 3 and a G (0, 1) 
there exists a normal Coulomb frame N e C'^~^'"(B,M("+^)^") minimizing T[N). 

Proof. 1. Wc fix some normal frame N € C^~^'°'{B) and construct a weak normal Coulomb frame 
N G W^''^{B) n L°°{B). Furthermore, we then know N € Wf^l{B). Defining the orthogonal mapping 
R = {Rt)a,i)=i,...,n by Rt := {N^,N^), we thus find 

n 

N„ = Y^RiN^ and R&Wf^l{B,SO{n))r\W^''^{B,SO{n)) . 
i?=i 
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In particular, we can assign a curvature tensor 5*12 — {S^ i2)cr,i>=i,---,n G Lj^^{B) to N by formula 

n 

LJ = l 

and from the previous section we infer S12 G L°°{B). 

2. Introduce r = (t^).,^=i,...,„ G I^1'2(B) by 

~<T,u — ^(J,2j ~n,v — -'-17,1 Ui £S, 

rj* = on dB. 

The definition of the normal curvature tensor gives us the nonlinear elliptic system 

n 

Ar,^^- ^(r-„<,-r-,<J + 5^,i2 in B, ^ ondB. 

Ul = l 

On account of = {S^ ^12) a, ■&=!,..., n & L°°{B), a part of Wente's inequality yields r € C^{B), see e.g. 
Brezis and Coron [8] ; compare also Riviere |45| and the corresponding boundary regularity theorem in 
Miiller and Schikorra [12] for more general results. By appropriate reflection of r and 512 (the reflected 
quantities are again denoted by r and 512) we obtain a weak solution t G iy^'^(i3i+d) n C°(i?i+d) of 

At = f{w, Vt) in Bi+a := {w eR^ : \w\ < 1 + d} 

with some d > and a right-hand side / satisfying 

\f{w,p)\ <a\p\^ + b foraUpGM^"', w G Bi+d 

with some reals a,b > 0. Now, applying Tomi's regularity result from [52] for weak solutions of this 
non-linear system possessing small variation locally in Bi+d, we find r G C^''^{B) for any 1/ G (0, 1) 
(note that Tomi's result applies for such systems with b — 0, but his proof can easily be adapted to 
our inhomogeneous case 6 > 0). 

3. From the first-order system for we infer Ti G C°'{B). Thus, the Weingarten equations for N^^^u' 
yield TV G VFi^°°(B) on account of iV G L°°(B), and we obtain N G C"(^) by Sobolev's embedding 
theorem. Inserting this again into the Weingarten equations, we find N G C^'°'{B). Hence, we can 
conclude R = {{Ncr, N^)) a, ■&=!,..., n G C^'"(i?), and transformation rule S'12 — Ro Su o i?* from 
Lecture I implies S'12 — (5^ i2)cr,ij=i,...,ra G C"{B) (note S12 G C"[B) for fc = 3; in case fc > 4 we 
even get S'12 G C^'°'{B)). Now the right-hand side of the equation for Ar^ belongs to C°'{B), and 
potential theoretic estimates ensure r G C^'^^B). Involving again our first-order system for the 
gives Ti G C^'"[B), which proves N G C^'"(i?) using the Weingarten equations once more. Finally, for 
fc > 4, we can bootstrap by concluding R G C^'°'{B) and S12 G C'^'°'{B) from the transformation rule 
for S121 and repeating the arguments above. 



The proof is complete. 



□ 
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24. Estimates for the area element W 

Various of our estimates so far contain norms of the quantity S ~ &nW. In particular, for given S^v we are 
left to establish upper bounds on the area element W. For this purpose we want to sketch briefly a classical 
method which goes back essentially to Erhard Heinz. 

Throughout our considerations we are concerned with solutions of nonlinear elliptic problems of the form 
X{u,v) ^ (a;i(w,w),...,a;"+2(u,w)) G C^{B,W'+^) C\B,W+^), 
\AX{u,v)\<a\VX{u,v)\^ in B, 
\X{u,v)\<M inB. 

Let us abbreviate this system with (ES). Furthermore, we suppose that X is conformally parametrized 

Xu-Xu = W = X,-X.,, X^-X, = inB 
with the area element W as conformal factor. Therefore, we infer 

w^^ixl + x'^)^^\vx\' 

meaning that an upper bound for |VXp is immediately an upper bound for the area element W. The first 
results in this direction go back to Heinz [3^ and [37]. We also want to refer to Schulz j48j, Dierkes et al. 
|21| . volume H, and Sauvigny [46] . volume H for further developments. 

24.1 Inner estimates 

We start with inner gradient bounds without referring to any boundary data. 

Proposition 34. (Sauvigny 14 0j , volume II, ^2, Satz 1) 

Let X he a solution of (ES) with aM < 1. Define the distance function 

6{uj) = dist{w,dB), w eB. 

Then there is a real constant C{a,M) e [0,oo) satisfying 

6iw)\VX{w)\ <C{a,M) forallweB. 

In particular, we infer 

|VX(0,0)| < C{a,M). 

Inequalities of this kind were needed for the curvature estimate for minimal graphs in Lecture I. 

24.2 Global estimates 

Next, we want to quote the following global result. 

Proposition 35. (Sauvigny '461, volume II, chapter 12, %3, Satz 1) 
Let X he a solution of (ES) with aM < 1 satisfying 

X{u,v)^0 on OB. 

Furthermore, let a € (0, 1). Then there is a constant C{a,M,a) e [0,oo) so that 

||^|lci+"(lj) < C{a,M,a). 

The point is that we must require vanishing boundary data, at least on small portions of dB where we would 
like to apply Sauvigny's gradient estimate. 
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24.3 Straightening the boundary 

Finally we follow an idea of J.C.C. Nitsche, see also Heinz |37j . to straighten the boundary locally. Here are 
some technical assumptions: First, let 

X{wo) = G for Wo = (1, 0). 

Moreover, we may represent the arc X{{w Cz dB : — wo| < £}) in the form 

x'' ^ gk(,x'^+^), fc= l,...,7i+l, 

with e > being sufficiently small. Next, w.l.o.g. we assume 

gfe(0) = 0, 3^(0) = for aU A: = 1,. ..,n+ 1 

as well as 

n+1 n+1 

\x\w)\<5 foraU^=l,...,,^ + 2, ^ IffU^)! < ci , ^ Ifflf^l < C2 

i=i e=i 

with ci e (0, 1). To realize these assumptions it is sufficient to require bounds on the C^-Schauder norm of 
X on B which, in particular, implies a modulus of continuity of X. Consider now the functions 

y''{w) ^ x''{w) - gk{x"+'^) on {w eB : Iw ~ wq\ < e}, k^l...,n + l. 

Note that there hold 

y''(w) = on De for all fc 1, . . . , n + 1, 

and these are already the homogenous boundary conditions in Sauvigny's global gradient estimate! We must 
check that Y = (y^, . . . , solves an elliptic system of the form (ES) with quadratic growth in the 

gradient. We compute 

|Ay'=| = lAx'^ - A5fe(a;"+2)| ^ | Ax'^ - g;!(a;"+2)|Vx"+2|2 _ g^(a;"+2)Ax"+2| 

< lAx'^l + W,{x-+')\\Ax-+'\ + W;ix-+')\Vx-+'\' 

< {l + \g',{x^^+')\)\AX\ + \g'ax-+')\\VX\' < {{1 + c,)a + c^} \VX\\ 
Now from the conformality relations we infer 

n+1 

fc=i 

for the complex- valued derivatives = i {xu — ixy), and considering 

n+1 n+1 n+1 n+1 ^ n+1 

Ek^|<Ely^il+ciEl4l implies ^ |4| < ^— — ^ 

k=l k=l k=l k=l '^^ k=l 

Thus we infer 

n+2 n+1 

EN''l'<^3(ci,n)5]|y^P 

k=l k=l 

which gives us finally 

|Ay| <C4(a,ci,C2,n)|Vrp. 

In conclusion, under the knowledge of X and its first and second derivatives on the boundary curve dB we 
may apply Sauvigny 's global gradient estimate which yields in turn estimates fpr the area element W from 
above on the whole disc B. 
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